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1. Introduction 

This is a guided tour through some selected topics in geometric analysis. Most 
of the results here can be found in the literature but some are new and do not 
appear elsewhere. We have chosen to illustrate many of the basic ideas as they 
apply to the theory of minimal surfaces. This is, in part, because minimal surfaces 
is, if not the oldest, then certainly one of the oldest areas of geometric analysis 
dating back to Euler's work in the 1740's and in fact many of the basic ideas in 
geometric analysis originated in the study of minimal surfaces. In any case, the 
ideas apply to a variety of different fields and we will mention some of these as we 
go along. 

Part ^ reviews some of the classical ideas and results in geometric analysis. 
We begin with the definition and basic results for minimal surfaces, including the 
first variation formula and maximum principle in Section Section |3 gives some 
applications of the Bochner formula to comparison theorems, vanishing theorems 
(such as the famous Bochner theorem), and harmonic functions. We turn next 
to the monotonicity formula and mean value inequality in Section ^ These play 
a fundamental role in many areas of geometric analysis, however, we have chosen 
to focus on the special cases of minimal surfaces and manifolds with non-negative 
Ricci curvature. Section recalls the Bernstein theorem (for entire solutions) and 
Bers' theorem (for exterior solutions) of the minimal surface equation. These results 
illustrate an interesting rigidity for solutions of the minimal surface equation which 
comes from the nonlincarity (and does not occur for solutions of linear equations). 
In Sections El and we briefly review the basic facts for mean curvature flow and 
Ricci flow. The next two sections discuss some fundamental a priori estimates in 
pde. First, Section |H1 gives various gradient estimates for linear/nonlinear, ellip- 
tic/parabolic equations, all based on the maximum principle. The importance of 
this fundamental estimate has been well-understood since the work of Bernstein in 
the early 1900's. Section |5] recalls a much more recent tool for a priori estimates, 
namely, Simons' inequality, and illustrates its usefulness for proving a priori esti- 
mates. The original inequality of Simons was for the Laplacian of the norm squared 
of the second fundamental form of a minimal hypcrsurfacc, but variations of this 
inequality appear in a surprising number of fields (Einstein manifolds, harmonic 
maps, Yang-Mills connections, various parabolic equations, etc.). Finally, in Sec- 
tion llOl we derive the basic estimates for minimal annuli with small total curvature, 
including a quantitative form of Bers' theorem. This last section also sets the stage 
for some estimates in Part for multi-valued graphs. 
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In Part|3 we turn our attention to embedded multi-valued minimal graphs (the 
basic example is half of the helicoid) . These are graphs of multi-valued functions 
and should be thought of as "spiral staircases." The analysis of these has played 
a major role in recent developments in minimal surface theory. The first two sec- 
tions, [ill and U21 prove the fundamental estimates on the separation and curvature. 
Section IT^l extends the Bers' theorem from Part ^ to this setting. Finally, Section 
1141 proves some original results, including a representation formula showing that 
an embedded multi-valued minimal graph can be written as a sum of a helicoid, a 
catenoid, and a small perturbation. 

In Part we survey some of the key ideas in classical regularity theory, recent 
developments on embedded minimal disks, and some global results for minimal 
surfaces in R 3 . Sections 1151 and 1161 focus on Reifenberg type conditions, where 
a set is assumed to be close to a plane at all points and at all scales ("close" is 
in the Hausdorff or Gromov-Hausdorff sense and is defined in Section IT5|l . This 
condition automatically gives Holder regularity (and hence higher regularity if the 
set is also a weak solution to a natural equation). Section Il7l surveys the role 
of monotonicity and scaling in regularity theory, including e-regularity theorems 
(such as Allard's theorem) and tangent cone analysis (such as Almgrcn's refinement 
of Federer's dimension reducing). Section IT51 briefly reviews recent results of the 
authors for embedded minimal disks, developing a regularity theory in a setting 
where the classical methods cannot be applied and in particular where there is no 
monotonicity. The estimates and ideas discussed in Section IT%1 have applications to 
the global theory of minimal surfaces in R 3 . In Section HTH we give a quick tour of 
some recent results in this classical, but rapidly developing, area. 

Thus far, we have mainly dealt with regularity and a priori estimates but have 
ignored questions of existence. Part 0] surveys some of the most useful existence re- 
sults for minimal surfaces and gives an application to Ricci flow. Section I^HI recalls 
the classical Weierstrass representation, including a few modern applications, and 
the Kapouleas dcsingularization method. Section 1211 deals with area minimizing 
surfaces (whether for fixed boundary, fixed homotopy class, etc.) and questions of 
embeddedness. The next section discusses unstable (hence not minimizing) surfaces 
and the corresponding questions for geodesies, concentrating on whether the Morse 
index can be bounded uniformly. Section 1^1 recalls the min-max construction for 
producing unstable minimal surfaces and, in particular, doing so while controlling 
the topology and guaranteeing embeddedness. Finally, Section I2H discusses a re- 
cent application of min-max surfaces to bound the extinction time for Ricci flow, 
answering a question of Pcrclman. 

Finally, in Part El we discuss some global results for harmonic functions and 
a few applications of function theory. We begin by reviewing the basic theory of 
harmonic functions on Euclidean space. This starts with the Liouville theorem and 
the relationship between polynomial growth harmonic functions and eigenfunctions 
on the sphere; see Section [32] In Section [2H we sketch the proof that the spaces 
of harmonic functions of polynomial growth arc finite dimensional on manifolds 
with non-negative Ricci curvature. Section VFf\ gives a version of this for minimal 
submanifolds and a geometric application of this. Finally, Section EHl discusses two 
estimates related to nodal sets of eigenfunctions. 
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Part 1. Classical and almost classical results 

2. Minimal surfaces 

Let E C R 3 be a smooth orientable surface (possibly with boundary) with 
unit normal nj. Given a function cf> in the space Cq°(E) of infinitely differcntiablc 
(i.e., smooth), compactly supported functions on E, consider the one-parameter 
variation 

(2.1) E ti0 = {x + t(j)(x)n^(x)\x 6 E}. 

The so called first variation formula of area is the equation (integration is with 
respect to darea) 

d f 

(2.2) - Area(E t)0 ) = JjH, 

where H is the mean curvature of E. (When E is noncompact, then E ti in (|2.2|) 
is replaced by T t ^, where L is any compact set containing the support of 4>.) The 
surface E is said to be a minimal surface (or just minimal) if 

Area(E t ^) = for all <j> G C °°(£) 

o 

or, equivalcntly by l|2.2|l . if the mean curvature H is identically zero. Thus E is 
minimal if and only if it is a critical point for the area functional. (Since a critical 
point is not necessarily a minimum the term "minimal" is misleading, but it is 
time honored. The equation for a critical point is also sometimes called the Euler- 
Lagrange equation.) Moreover, a computation shows that if E is minimal, then 



Area(E ti 0) = — / <f)L^<f), where L^<, 
=0 Jt, 



is the second variational (or Jacobi) operator. Here As is the Laplacian on E and 
A is the second fundamental form. So \A\ 2 = k 2 + k?,, where m, K2 are the principal 
curvatures of E and H = k± + K2- A minimal surface E is said to be stable if 



Area(E t , ) > for all e C£°(E) • 

t=o 

A graph (i.e., the set {(xi, X2, u(xi, X2)) \ (xx,X2) € Cl}) of a real valued function 
u on a domain Q in R 2 is minimal iff the function satisfies the minimal surface 
equation 

(2.6) divf ; dU =1=0, 

where du is the R 2 gradient of the function u and div is the divergence in R 2 . One 
can show that a minimal graph is stable and, more generally, so is a multi-valued 
minimal graph (see below for the precise definition). 

We will next derive the weak form of the minimal surface equation, i.e., the 
so-called first variation formula, which is the basic tool for working with "weak 
solutions" (typically, stationary varifolds). Let A be a vector field on R 3 . We can 
write the divergence div s X of X on E as 

(2.7) div s X = div s X T + X ■ H , 
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where X T and X N are the tangential and normal projections of X. From this and 
Stokes' theorem, we see that £ is minimal if and only if for all vector fields X with 
compact support and vanishing on the boundary of £, 

(2.8) f div s A = 0. 

This equation is known as the first variation formula. It has the benefit that (|2.8|) 
makes sense as long as we can define the divergence on S. As a consequence of 
(|2.8(l . we will show the following proposition: 

Proposition 2.1. S fc C R" is minimal if and only if the restrictions of the 
coordinate functions of R' 1 to X are harmonic functions. 

Proof. Let r\ be a smooth function on £ with compact support and n\dT, = 0, 
then 

(2.9) f (Vzr),\7 s xi) = f (V E T» I e i >= I divE^e,). 

From this, the claim follows easily. □ 

Recall that if S C R™ is a compact subset, then the smallest convex set con- 
taining 2 (the convex hull, Conv(S)) is the intersection of all half-spaces containing 
5. The maximum principle forces a minimal submanifold to lie in the convex hull 
of its boundary (this is the "convex hull property"): 

Proposition 2.2. 7/£ fc C R™ is a compact minimal submanifold, then £ C 
Conv(d£). 

Proof. A half-space H C R™ can be written as 

(2.10) ff = {ieR"|(i,e)<a}, 

for a vector e G S n_1 and constant a 6 R. By Proposition 12.11 the function 
u(x) = (e,x) is harmonic on E and hence attains its maximum on 9S by the 
maximum principle. □ 

The argument in the proof of the convex hull property can be rephrased as 
saying that as we translate a hypcrplane towards a minimal surface, the first point 
of contact must be on the boundary. When S is a hypersurface, this is a special 
case of the strong maximum principle for minimal surfaces: 

Lemma 2.3. Let fl C R™ -1 be an open connected neighborhood of the origin. 
If u\, U2 : f2 — > R are solutions of the minimal surface equation with U\ < U2 and 
Ui(0) = 1*2(0), then U\ = U2- 

See |CM1| for a proof of Lemma f2. 31 and further discussion. 

3. The Bochner formula 

On a Riemannian manifold M a very useful formula of S. Bochner asserts that 
for any function u on M 

(3.1) ^A|Vu| 2 = |Hess M | 2 + (VAu, Vit) + Ric M (Vu, Vu) . 

Two special cases of this formula are particularly useful. When u is a distance 
function, that is, when \Vu\ = 1, then the above formula reduces to 

(3.2) 0= \U\ 2 + TY(U , )+Ric M , 
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where U is the Hessian of u and the Ricci curvature and the derivative V is taken 
in the direction of the unit vector V«. This is the so-called Ricatti equation. The 
other useful special case of the Bochner formula is when u is a harmonic function. 
In this case, the Bochner formula reduces to 

(3.3) ^A|Vw| 2 = |Hcss u | 2 +Ric M (Vu, Vti) . 

So when M has non-negative Ricci curvature, this formula implies that the energy 
density of u is subharmonic. 

The Laplacian and Hessian comparison theorems relate the distance function 
on M to a space of constant curvature. These comparisons are essentially integrated 
forms of the Ricatti equation l|3.2|) . For simplicity, we will not state the most general 
forms of these theorems, but rather only state the comparisons with R n . 

The Laplacian comparison theorem compares Ar, where r is the distance to a 
point, on M with A|ar| = (n — l)/|ar| on Euclidean space: 

Theorem 3.1. If M has non-negative Ricci curvature and r is the distance 
function to a fixed point p, then 

n — 1 

(3.4) Ar < . 

r 

Moreover, j3.4\ ) holds weakly even where r is not smooth. 

Proof. We will prove (|3.4J) assuming that r is smooth so that |Vr| = 1 (see 
|Ca| for the extension to the general case) . Let 7 be a geodesic from p parametrized 
by arclength and set L(t) = Ar o j(t). Note that L'(t) = (VAr, Vr) by the chain 
rule so that (|3.2(l gives 

(3.5) U = Tr(U') < -\U\ 2 < -L 2 /(n - 1) . 
Here the second inequality used the Cauchy-Schwarz inequality 

(n-l \ 2 n-1 
£ A * <(n-l)^A 2 
i=l / i=l 

for the eigenvalues of the matrix U (there are at most (n— 1) non-zero eigenvalues 
since J7(Vr, Vr) = 0). We can rewrite l|3.5|l as 

(3.7) (l/L)'>l/(n-l). 

(Notice that we get equality in l|3.7|l for L(t) = (n — l)/t.) Since any manifold is 
"almost Euclidean" for r small, it is easy to see that 

(3.8) limr Ar = (n - 1) . 

Integrating the differential equality l|3.7|l and substituting the "boundary condition" 
IpTgJl gives 

11 — 1 

(3.9) Ar o 7 (i) = L(t) < —j— . 

Since 7 was arbitrary, the theorem follows. □ 

We note two immediate consequences of Theorem 13.11 

• Since Vr is the unit normal to the geodesic spheres, the mean curvature 
of these spheres is at most (n — l)/r. 

• The square of the distance function satisfies Ar 2 = 2|Vr| 2 + 2r Ar < In. 
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The Hessian comparison theorem is somewhat more restrictive since it requires 
bounds on the sectional curvatures of M; of course, the conclusion is correspond- 
ingly stronger. The following theorem is a useful special case of the Hessian com- 
parison theorem: 

Theorem 3.2. If M is simply connected with non-positive sectional curvature 
and r is the distance function to a fixed point p, then 

(3.10) He SSr (X,X)>^-^ r ^\ 

r 

for any vector X . 

An important application of l|3.1|l (and similar formulas) is to prove vanishing 
theorems relating a pointwise curvature condition to global properties of M. The 
prototype is the Bochner theorem (see also |Clj . jC2l for an extension of this 
famous theorem of Bochner that had been conjectured by M. Gromov): 

Theorem 3.3. |Bcj If M n is closed with RIcm > 0, then each harmonic 1-form 
is parallel. In particular, the space of harmonic 1-forms is at most n-dimensional. 

PROOF. (Sketch) A harmonic 1-form a can be written locally as du where u 
is a (locally defined) harmonic function. In particular, <|3.1|) implies that 

(3.11) A|a| 2 = A|Vu| 2 > 2 |Hess M | 2 = 2|Va| 2 . 
Since M is closed (in particular, dM — 0), Stokes' theorem gives 

(3.12) = j AH 2 >2 j |Va| 2 . 

Therefore, |Va| 2 vanishes identically. □ 

Therefore, by the Hodge theorem, the first betti number of a closed manifold 
M with non-negative Ricci curvature is at most n with equality only if the uni- 
versal cover of M is R™. There have been many geometric applications of this 
method, where analytic methods (like the Hodge theorem) use topology to produce 
solutions of a pde and then a curvature condition (like the Bochner formula) places 
restrictions on these solutions. 

Finally, we note that 1)3.1(1 can be used to prove an eigenvalue comparison 
theorem when M has positive Ricci curvature. Namely, A. Lichncrowicz showed 
that if RicA/ > Rics«, then the first (non-zero) eigenvalue X\(M) > Ai(S n ): 



Theorem 3.4. [Lc] If M n is closed with Ricu > On — 1), then Xi(M) > n. 

Proof. Let u be a (non-constant) eigenfunction on M with Au = —\u. We 
will show that A > n. After normalizing so J u 2 = 1, Stokes' theorem gives 

.2 



(3.13) / | Vu| = — J u Au = A / u = X. 
Substituting the equation for u into the Bochner formula H3.1(l gives 

1 \2 

(3.14) -AIVmI 2 > |Hess u | 2 + On - 1 - A) IVmI 2 > — u 2 + On - 1 - A) IVul 

2 n 
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where the last inequality used the Cauchy-Schwarz inequality as in (EH). Integrat- 
ing (|3.14|1 over M gives 

\2 



(3.15) = i J A|Vw| 2 > ^- J u 2 + (n - 1 - A) J \Vu\ 2 = A ^— - (n - A) 



□ 



Remark 3.5. These comparison theorems are sharp in the sense that equality 
is achieved on the model spaces. The converse of this is also true, i.e., equality is 
achieved only for the model spaces, and is known as "rigidity." For example, if M n 
is closed with Ric^/ > (re — 1) and Ai(M) = re, then M. Obata, |Ob| . proved that 
M = S™. It is then natural to ask how stable is this rigidity - i.e., what happens 
if equality is almost achieved? These questions, known as "almost rigidity," were 
answered by Colding and J. Cheeger-Colding; see |C2| . |ChC4j and references 
therein. Moreover, almost rigidity theorems have played a key role in regularity 
theory; see |ChCll . |ChC2| . |ChC3| . 

4. Monotonicity and the mean value inequality 

Monotonicity formulas and mean value inequalities play a fundamental role in 
many areas of geometric analysis. In this section, we focus on the specific cases of 
minimal surfaces and manifolds with non-negative Ricci curvature. 

Before we state and prove the monotonicity formula of volume for minimal 
submanifolds, we will need to recall the coarea formula. This formula asserts (see, 
for instance, |Fe| for a proof) that if E is a manifold and h : £ — ► R is a proper 
(i.e., /i~ 1 ((— oo, t]) is compact for all t G R) Lipschitz function on £, then for all 
locally intcgrable functions / on E and t G R 

(4.1) / f\Vh\ = [ f I dr. 

J{h<t} J-oo Jh=T 

Proposition 4.1. Suppose that E fc C R n is a minimal submanifold and x$ G 
R' 1 ; then for all < s < t 

(4.2) t- k Voi(B t (xo)nz)- s - k Voi(B s nz)= I ^ X ~ X i k S ■ 

J(B t (x )\B s (x ))nS \x-xo\w 

Proof. Within this proof, we set B t = B t (xo). Since E is minimal, 

(4.3) A s |a; - x Q \ 2 = 2div s (x - x ) = 2k. 
By Stokes' theorem integrating this gives 

(4.4) 2fcVol(B s nE)= f A s \x-x \ 2 = 2 f \{x-x ) T \. 

JS.nE JdB s nz 

Using this and the coarea formula (i.e., I|4. l[l ). an easy calculation gives 

4- (s- k Vol(B s n E)) = -k s-x- 1 Vo\(B s n E) + s - k [ 
ds J dl 



ldB s r\T, 



\{ x -x Q y\ 



k—l I I \ x x ®\ 2 i/ _ \T 



(4-5) =5-*-* " ~» -Kx-^o 

\\(x - x a y 



s-x- 1 



d Ball's 

\(X-X ) N \ 2 

>B 3 n£ \(x-x ) T \ 
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Integrating and applying the coarea formula once more gives the claim. □ 

Notice that (x — xq) n vanishes precisely when E is conical about xo, i.e., when 
E is invariant under dilations about xq- As a corollary, we get the following: 

Corollary 4.2. Suppose that E fe C R" is a minimal submanifold and xq £ 
R"; then the function 

Vol(B s (x )nZ) 



(4.6) e xo (a) 



Vol(B s C R fc ) 



is a nondecreasing function of s. Moreover, Q Xo (s) is constant in s if and only if 
E is conical about xq . 

Of course, if xq is a smooth point of E, then lim s ^o Q Xo (s) = 1; the Allard 
regularity theorem gives the converse of this. 

The monotonicity of area is an very useful tool in the regularity theory for 
minimal surfaces — at least when there is some a priori area bound. For instance, 
this monotonicity and a compactness argument allow one to reduce many regularity 
questions to questions about minimal cones (this was a key observation of W. 
Fleming in his work on the Bernstein problem; see Section[5j). Similar monotonicity 
formulas have played key roles in other geometric problems, including harmonic 
maps, Yang-Mills connections, J-holomorphic curves, and regularity of limit spaces 
with a lower Ricci curvature bound. 

Arguing as in Proposition 14. II we get a weighted monotonicity: 

Proposition 4.3. If E fe C R" is a minimal submanifold, x e R n , and f is 
a function on E ; then 

(4.7) t- k [ f-s- k [ f 

JB t (i )nS JB B (x )r\Y. 

f f~ X °n +l fr-"- 1 I (r 2 H«o| 2 )A s /dr. 

{B t {x )\B,(x ))r\T, \X-XQ\ lj s JB T (x )r\T, 

We get immediately the following mean value inequality for the special case of 
non-negative subharmonic functions: 

Corollary 4.4. Suppose that E fc C R' 1 is a minimal submanifold, xq G R", 
and f is a non-negative subharmonic function on E; then 

(4.8) s~ k [ f 

JB B (x )ni: 

is a nondecreasing function of s. In particular, if xq € E, then for all s > 

/s,(io)nE f 



(4.9) f(x Q ) < 



Vol{B s c R fe ) 



Another interesting (and crucial) appearance of monotonicity is the volume 
comparison theorem of Bishop-Gromov for manifolds with non-negative Ricci cur- 
vature, |GLPaj : see also |Pel| for a generalization to Ricci flow. In the case of 
non-negative Ricci curvature, the monotonicity goes the opposite direction: 
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Theorem 4.5. If a k- dimensional manifold M has non-negative Ricci curva- 
ture, then 

, Vol(B s (x ) C M) 

[ ' Vol(B s C R fc ) 

is a non-increasing function of s. 

Proof. (Sketch) By the Laplacian comparison theorem, Am?' 2 < 2k where r 
is the distance function to xo- Integrating this by parts gives 

(4.11) 2kVo\(B s (x ))> [ Ar 2 =2s[ |Vr| = 2s Vol(fl.(x )) , 

Jb s (x ) JdB 3 (x ) dS 

where the last equality used the co-area formula (since |Vr| = 1 almost every- 
where). This differential inequality gives (|4.10|) . □ 

Remark 4.6. Equation 1)4.10)1 immediately implies a volume doubling property 
for manifolds with non-negative Ricci curvature: 

(4.12) Vol(B 2 s{xo) C M) < 2" Vo\(B s (x ) C M) . 
This property is very useful for covering arguments, cf. [^] . 

We conclude this section with a well-known intrinsic mean value inequality 
which is often useful but difficult to find in the literature (it is often stated only for 
subharmonic functions). 

PROPOSITION 4.7. There exists C = C(k) so that if M is k -dimensional, 
RicM > —(k — 1) s~ 2 , and u > satisfies Aj;!i > — s~ 2 u, then 

(4-13) u\x)< ° [ u\ 

Vol{B s (x)) J Bs[x) 

Proof. After rescaling the metric by s, it suffices to prove the case s = 1. Let 
N = M x [—1, 1] have the product metric, so that Ricjv > —(k — 1). Define an 
auxiliary function w on N by 

(4.14) w{x,t) =u(x)e t . 
An easy calculation shows that 

(4.15) A N w = e t A M u + e t u>0, 

so that w is subharmonic. The mean value inequality for subharmonic functions 
(see theorem 6.2 on page 77 of |ScYal| ) then gives 

W2(M) " Vo\( Bl (x,0) C N) I Bl(xfi)cN w2 

(4.16) < 2C 2 ; — [ U 2 



Vol{B 1/2 (x) C M) J Bl(x)c 



ZM 



The proposition follows from this after we use the Bishop-Gromov volume compar- 
ison (cf. Theorem Q)l to bound Vol(Bi(x))/Vol(S 1/2 (a;)). □ 
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5. The theorems of Bernstein and Bers 

A classical theorem of S. Bernstein from 1916 says that entire (i.e., defined 
over all of R 2 ) minimal graphs are planes. This remarkable theorem of Bernstein 
was one of the first illustrations of the fact that the solutions to a nonlinear PDE, 
like the minimal surface equation, can behave quite differently from the solutions 
to a linear equation. Rather surprisingly, this result very much depended on the 
dimension. The combined efforts of S. Bernstein [Be], E. De Giorgi |DG) . F. J. 
Almgrcn, Jr. |Aml) . and J. Simons |Sim) finally gave: 

Theorem 5.1. If u : R" _1 — * R is an entire solution to the minimal surface 
equation and n < 8, then u is an affine function. 

However, in 1969 E. Bombicri, De Giorgi, and E. Giusti jBDGG] constructed 
entire non-affine solutions to the minimal surface equation on R 8 and an area- 
minimizing singular cone in R 8 . In fact, they showed that for m > 4 the cones 

(5.1) C m = {(x U . . . , X 2m ) I x\ + ■ ■ ■ + X m = X m+1 + ■■■ + x\ m } C R 2m 

are area-minimizing (and obviously singular at the origin). 

One way to prove the Bernstein theorem is to prove a curvature estimate for 
minimal graphs. The basic example is the estimate of E. Heinz for surfaces: 

Theorem 5.2. [Hi| // D ro c R 2 and u : D ro — > R satisfies the minimal 
surface equation, then for E = Graph u and < a < ?*o 

(5.2) cr 2 sup \A{ 2 <C. 

The original Bernstein Theorem follows from Theorem 15 . 21 bv taking ro — > oo. 
By the same reasoning, the examples of |BDGG] show that l|5.2|l cannot hold for 
all dimensions. However, curvature estimates for graphs over Btq R< n were 
proven in ScSiYaJ for n < 6 (the remaining cases, i.e., n = 7 and 8, were proven 
in [Si2] V 

In contrast to the entire case, exterior solutions of the minimal graph equation, 
i.e., solutions on R 2 \ B\, are much more plentiful. In this case, Theorem 15.21 only 
gives quadratic curvature decay \A\ 2 < C\x\~ 2 . In particular, it is not even clear 
that |Vu| is bounded since |V|Vu|| < C \x\ _1 is not integrable along rays. However, 
L. Bers proved that Vu actually has an asymptotic limit: 

Theorem 5.3. [Ber] // u is a C 2 solution to the minimal surface equation on 
R 2 \£?i, then Vm has a limit at infinity (i.e., there is an asymptotic tangent plane). 

Bers' theorem was extended to higher dimensions by L. Simon: 

Theorem 5.4. |Sil| If u is a C 2 solution to the minimal surface equation on 
R' 1 \ B\, then either 

• |Vu| is bounded and Vu has a limit at infinity. 

• All tangent cones at infinity are of the form E x R where E is singular. 

Bernstein's theorem has had many other interesting generalizations, including, 
e.g., curvature estimates of R. Schoen for stable surfaces and Schoen-Simon-Yau for 
stable hypersurfaces with bounded density. In the early nineteen-eighties Schoen 
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and Simon extended the theorem of Bernstein to complete simply connected em- 
bedded minimal surfaces in R 3 with quadratic area growth. A surface E is said 
to have quadratic area growth if for all r > 0, the intersection of the surface with 
the ball in R 3 of radius r and center at the origin is bounded by C r 2 for a fixed 
constant C independent of r. In corollary 1.18 in |CM4| . this was generalized to 
quadratic area growth for intrinsic balls. 

6. Mean curvature flow 

Just as the Laplace equation has the heat equation as a parabolic analog, mean 
curvature flow is the parabolic analog of the minimal surface equation. A one- 
parameter family of smooth hypersurfaces {M t } C R' i+1 flows by mean curvature 
if 

(6.1) zt = H(z) = A Mt z, 

where z are coordinates on R™ +1 and H = — Hn is the mean curvature vector. 

Example 6.1. Let M t be the family of concentric shrinking n-spheres of radius 
V-R 2 — Int. It is easy to see that Mt flows by mean curvature and is smooth up to 
t = R 2 /(2n) when it shrinks to a point. 

Suppose now that each M t is the graph of a function u(-,t). So, if z = (x,y) 
with x £ R n , then M t is given by y = u(x, t) which satisfies 

(6-2) „ = (l + IH 2 ) 1/2 div( (i + | ^ |2)1/2 ), 

where du is the R™ gradient of the function u and div is divergence in R". 

The monotonicity formula and mean value inequality of Section^ have analogs 
in mean curvature flow. The monotonicity formula, proven by G. Huisken (and 
extended to more general weak solutions by T. Ilmancn and B. White), is: 

Theorem 6.2. [H] If a smooth one-parameter family of hypersurfaces M t flows 
by mean curvature in R ,l+1 x [— T, 0], then 

(6.3) I f (-4^)" " /2 = - / 

In particular, the "density ratio" J M (—Airt) n ^ 2 eT is non-increasing. 

The restrictions of the coordinate functions to M t satisfy the heat equation 

(6.4) d t Xi = Ami, . 

From this, we see that the restriction of \x\ 2 satisfies (d t — Am) \x\ 2 = —In. As 
in the stationary case (i.e., for minimal surfaces), this is the key to the proof of 
Theorem ICT 

The mean value inequality in this case applies to non-negative solutions of the 
heat equation on M t ; we refer to |E1| for more detail on this as well as discussion 
of the local monotonicity formula for mean curvature flow proven in |E2| . 

The parabolic maximum principle has been very useful in mean curvature flow 
(somewhat similarly to the convex hull property for minimal surfaces). Two imme- 
diate, but useful, consequences are: 

(1) Disjoint surfaces stay disjoint. 



/ , .\-n/2 Jill 

(— 4irt) ' e « . 
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(2) An embedded surface stays embedded (as long as it evolves smoothly). 
The reason for (1) and (2) is quite simple. Suppose that two initially disjoint 
surfaces touch at a first time t at a point x. Clearly, they will be tangent at (x, t) 
so nearby we see two graphs, one above the other. Hence, at x the mean curvature 
of the upper graph is larger (or equal to). Therefore, the upper graph crossed over 
the lower at a slightly early time, contradicting that t is first time of contact. 

Combining (1) with the shrinking spheres of Example 16.11 we see that any 
compact hypcrsurfacc flowing by mean curvature has a finite extinction time. 



7. Ricci flow 

The Ricci flow is the parabolic analog of the Einstein equation Ricj\/ = Constant g, 
where g is the metric. Namely, let M 3 be a fixed smooth manifold and let g(t) be 
a one-parameter family of metrics on M evolving by the Ricci flow, so 

(7.1) d t g = -2mc Mt . 

Short-time existence for the Ricci flow was established by Hamilton: 

Theorem 7.1. IHa2l Given any smooth compact Riemannian manifold (M, go), 
there exists a unique smooth solution g(t) to with initial condition g(0) = go 

on some time interval [0, e). 

Long-time existence is quite a bit more subtle, see |Ha2j and |Pel| . 

There are many formal similarities between the Ricci flow and the mean curva- 
ture flow, including similarities between the evolution equations for various geomet- 
ric quantities. One interesting distinction is the evolution equation for the scalar 
curvature R = R(t) under the Ricci flow (see, for instance, page 16 of |Ha3p 

(7.2) d t R = Ai? + 2|Ric| 2 > AR+-R 2 , 

n 

where the inequality used the Cauchy-Schwarz inequality (A/ is n-dimcnsional) . 
This differential inequality has an interesting consequence: After flowing for any 
positive amount of time, there is a lower bound for the scalar curvature (the mean 
curvature flow has no such analog). To make this precise, a straightforward maxi- 
mum principle argument gives that at time t > 

n 

(7 ' 3) R ^ ~ l/[min R(0)} - 2t/n = ~ 2(t + C) ' 

In the derivation of i|7.3[) wc implicitly assumed that mini?(0) < 0. If this was not 
the case, then l)7.3|) trivially holds with C = 0, since, by (|7.2|l . mvt\R(t) is always 
non-decreasing . 



8. Gradient estimates 

Gradient estimates have played a key role in geometry and pde since at least 
the early work of Bernstein. These are probably the most fundamental a priori esti- 
mates for elliptic and parabolic equations, leading to Harnack inequalities, Liouvillc 
theorems, and compactness theorems for both linear and nonlinear pde. 

A typical example for linear equations is the well-known gradient estimate of 
S.Y. Cheng and S.T. Yau for harmonic functions: 
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Theorem 8.1. |CgYa| If Au = on B r (Q) with non-negative Ricci curvature, 
then 

(8.1) \Vu\(0) KCr- 1 \\uWoo, 

where ||u||oo is the sup norm of the function u on B r (0). 

To give something of the flavor, we will use the maximum principle to prove 
EH on the Euclidean unit ball 5 X (0) C R". 

PROOF, (of Theorem IO for Bi(0) C R n .) Define the cutoff function n(x) = 
1 — |x| 2 , so that |V^| < 2 and An = —2n. We compute that 

A{if \Vu\ 2 ) > -2n|Vu| 2 - 16r?|Vu| |Hess„| +2rj 2 |Hcss„| 2 

(8.2) > -(2n + 32)|Vu| 2 , 

where the last inequality used the absorbing inequality 16a6 < 2a 2 + 326 2 . In 
particular, the function w = (n + 16) u 2 + rj 2 |Vm| 2 is subharmonic on B\(Q) (i.e., 
Aw > 0). By the maximum principle, the maximum of w occurs on the boundary 
so that 



(8.3) |Vd 2 (0) < w(0) < max w = (n + 16) max \ 

aBi(O) 9Bi(0) 



□ 



In fact, Cheng and Yau prove a stronger estimate: If in addition u is positive 
on B r (0), then 

(8.4) |V log u\ (0) < Cr- 1 . 

An important consequence is the Harnack inequality for positive harmonic functions 
Elliptic Harnack inequality: 

(8.5) sup u< C inf u. 

B r/2 (0) B r/2 (0) 

Proof. Suppose the sup and inf are achieved at p, q G dB r / 2 (0)- Fix a curve 
7 Pi g C B r / 2 (0) from p to q of length at most r (e.g., connect each point to by a 
ray). Integrating the bound sup Br/2 ( ) |Vlogu| < 2Cr _1 over 7 Pjg gives 

(8.6) log 44 < / |Vlog W |<2C. 

□ 

This gradient estimate also gives the global Liouville theorem of Yau, |Ya3) : 
Liouville theorem: If it is a positive harmonic function on a complete manifold 
with non-negative Ricci curvature, then u is constant. 

Proof. We can take r — > oo in (|8.4fl to get that |Vu| = 0. □ 

The parabolic analog of Theorem 18.11 is the gradient estimate for the heat 
equation of P. Li and Yau (we will state the version for M complete) : 

Theorem 8.2. |LiYa| // u is a positive solution of dtu = Au for < t on a 

complete M with non-negative Ricci curvature, then 

(8.7) 2t (|Vlogu| 2 - d t logu) < n, 
or, equivalently, 2tAlogu> —n. 
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Proof. (Sketch) Set 

(8.8) w = -t Alogu = t (|Vlogit| 2 - d t logu) . 

The key calculation is (cf. lemma 1 on page 155 of |ScYal| ) 

2 

(8.9) t(A-d t )w > -w 2 -w-2t\/w Vlogw. 

n 

Suppose that w achieves its maximum on M x [0,t] at (x,t) (for example, when 
M is compact; otherwise we use a cutoff). The parabolic maximum principle then 
gives Vw(x, t) = and (A — d t ) w(x,t) < 0. Substituting this into l|8.9|l gives 

2 

(8.10) 0> -w 2 (x,t) -w(x,t), 

n 

so that w(x,t) < n/2 as desired. □ 

Integrating this along curves as in the elliptic case gives for t\ < t% that 
Parabolic Harnack inequality: 

(8.11) u(x u ti) <u(x 2 ,t 2 ) ( J-) e ^-'u . 

In |Halj . R. Hamilton gave an extension of (|8.7J) to a full matrix estimate whose 
trace was (|8.7fl . For example, if u is positive solution of the heat equation on 
R™ x [0,T], then [HaT| implies that 

(8.12) 2tHessi ogu + % > 0. 
Taking the trace of flH^ gives |Vlogu| 2 - d t logu < n/(2t). 

8.1. Gradient estimates for nonlinear equations. For the (nonlinear) 
minimal surface equation, the situation is somewhat different. In this case, i.e., 
when the graph of u is minimal on B r (0), then Bombieri, De Giorgi, and M. Mi- 
randa proved in |BDM| that 

(8.13) logH(O) < Cil + r- 1 Hloo), 

where du is the R™ gradient of the function u (the case of surfaces was done by R. 
Finn in (Fij ) . By an earlier example of Finn, this exponential dependence cannot 
be improved. In N. Korevaar gave a maximum principle proof of a weaker 
form of |BDM| ; this weaker form had || u|j ^ in place of ||u||oo- 

In |GM12| . we proved a sharp gradient estimate for graphs flowing by mean 
curvature: 

THEOREM 8.3. |GM12j There exists C = C(n) so if the graph ofu : B ^ 2n +i r x 
[0, r 2 ] — > R flows by mean curvature, then 

(8.14) log|oM(0,r 2 /[4n]) < C (1 + r' 1 \\u(; O)^) 2 . 

The quadratic dependence on 0)||oo in l|8.14|l should be compared with 
the linear dependence which holds when the graph of u is minimal (i.e., ut = 0). 
Somewhat surprisingly, examples in |CM12| show that this quadratic dependence 
on 0) Hoc is sharp. 

The first gradient estimate for mean curvature flow was proven by Ecker and 
Huisken who adapted Korevaar's argument to mean curvature flow in theorem 2.3 
of [EH*2] to get 

(8.15) log |d«|(0, r 2 /[4n]) < 1/2 log (l + \\du(; O)^) + C (1 + r" 1 \\u{; Q)\U) 2 . 
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Note that, unlike H8.14JI . the gradient bound (|8.15j) depends also on the initial bound 
for the gradient. 

8.2. Generalizations. The Harnack inequality actually holds for much more 
general spaces. For instance, L. Saloff-Coste and A. Grigor'yan (see |SC) and |Grp 
have shown that the following two properties suffice 
Volume doubling: There exists Cjj so that 

(8.16) Vol(B 2r {x)) < C D Vo\{B r (x)) , 

for all r > and points x. 
Neumann Poincare inequality: There exists Cn so that if J B f = 0, 
then 

(8.17) / f<C N r 2 f |V/| 2 , 

JB r (x) JB T (x) 

for all r > and points x. 
These properties, however, do not imply the gradient estimate. Note that manifolds 
with non-negative Ricci curvature satisfy both conditions (the Poincare inequality 
essentially follows from |Bu| . cf. also |Jep. 

The De Giorgi, Nash, Moser theory (see chapter 8 in |GiTr| or section 4.4 in 
gives a Harnack inequality as long as we have a volume doubling and a 
Sobolev inequality. The difference between a Sobolev and Poincare inequality is 
that a Sobolev controls an L p -norm of / for some p > 2. Surprisingly, in |HzKoj . 
P. Hajlasz and P. Koskela showed that the volume doubling and Neumann Poincare 
inequality together imply a Sobolev inequality, thereby recovering the above result 
of Saloff-Coste and Grigor'yan. See |ChC2) . |ChC3| . |Hj| for more such "low 
regularity" analysis (including analysis on singular spaces). 

9. Simons type inequalities 

In this section, we recall a very useful differential inequality for the Laplacian 
of the norm squared of the second fundamental form of a minimal hypersurface £ 
in R" and illustrate its role in a priori estimates. This inequality, originally due to 
J. Simons (see |CMlj for a proof and further discussion), is: 

Lemma 9.1. jSimj 7/£™ — 1 C R" is a minimal hypersurface, then 

(9.1) A E \A\ 2 = -2 \A\ 4 + 2|V S A| 2 > -2 \A\ 4 . 

An inequality of the type 1)9. ljl on its own does not lead to pointwise bounds 
on \A\ 2 because of the nonlinearity. However, it does lead to estimates if a "scale- 
invariant energy" is small. For example, H. Choi and Schoen used l|9.1|l to prove: 

Theorem 9.2. |CiSc| //OeEc B r (0) with <9£ c dB r (0) is a minimal surface 
with sufficiently small total curvature J \A\ 2 , then |^4| 2 (0) < r~ 2 . 

Analogs of (|9.1|l occur in a surprising number of geometric problems. For 
example, when u : M m — > N n is a harmonic map, the energy density \du\ 2 satisfies 
this type of inequality, leading to an a priori estimate when u has small scale- 
invariant energy r 2_m J B \du\ 2 (see |SaUh| . |Sc2j V Similar inequalities hold for 
the curvature of a Yang-Mills connection or the curvature of an Einstein manifold. 
When M is an Einstein manifold, its curvature tensor R satisfies (see |Ha2j or 
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equation (2.6) in |Anlj : |Ha2j also establishes a parabolic analog for the Ricci 
flow) 

(9.2) A M \R\ > -C\R\ 2 . 

We next use (|9.2|) to prove an estimate for Einstein manifolds (cf. lemma 2.1 in 
|Anl| K For simplicity, we restrict to the case Ric^/ = 0. 

Theorem 9.3. There exist e = e(n) > 0, such that if M n is an n-dimensional 
Ricci-flat (Einstein) manifold and for some x G M either 

(9.3) Vol(B r (x)) > [1 - e] Vol{B r C R") 
or 

(9.4) / \R\ n ' 2 < er~ n Vol(B r (x)), 

JB r (x) 

then \R\(x) <Cr~ 2 . 

Proof. We will prove that {21} gives the pointwise curvature bound; the other 
case is similar. Set F(z) = (r — 4distjvf(a:, z)) \R\ l / 2 (z), so that 

(9.5) F(x) = r \R\ x ' 2 {x) > , and F \ Br[x) \ Br/i{x) < . 

Therefore, it suffices to prove that F < C for some fixed constant C. 

We will assume that ma.XB r ( x ) F > 32 and deduce a contradiction if e > is 
sufficiently small. Let y be a point where the maximum of F is achieved and set 
s = |i?| _1/2 (y). Since F(y) > 32, we have 32s < \r - 4dist M {x,y)\ so that for 
z G B s {y) 

(9.6) 1/2 ^\r-4dist M (x,y)\ ^ 

\r — 4distAf (x, z)\ 
Since F(z) < F(y), it follows that B s (y) satisfies 

(9.7) sup | J R| 1 / 2 <2|i?| 1 / 2 (y) = 2/ S: 

B a (y) 

so that 1)9. 2|) gives on B s (y) that 

(9.8) A M \R\ > -C\R\ 2 > ~4Cs~ 2 \R\. 

Furthermore, the Bishop-Gromov volume comparison , i.e., Theorem l4.5l gives 

f 9 9 ) ™my)) > Vol(B r/2 (y)) > 2 _„ Vol(g r (a;)) 

y ■ > s n - (r/2) n ~ r n 

It follows from this and (|9.4|) that B s (y) also satisfies 

(9.io) / |i?r/ 2 <2™ £ Vol(Bs(y)) 



JB„{y) s 

Using H9.7f) . (|9.8|l . and l|9.10|l . the mean value inequality f Proposition 14 . 7|l gives 

(9.11) s- n = \R\ n ' 2 {y) < p / \R\ n ' 2 <C2 n es- n . 

Yol{B s {y)) J Bs(y) 

This gives a contradiction for e sufficiently small. □ 

Remark 9.4. We could alternatively have proven Theorem 19.31 by integral 
methods, i.e., using Moser iteration. However, the above proof by scaling is both 
shorter and more elementary. 
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Finally, we mention that Ij9.1|l has a parabolic version as well (see proposition 
2.15 in |E1| 1: If Mt flows by mean curvature, then 



(9-12) (j t - A A/t ) \A\ 2 = 2 \A\ A - 2|V A/t A\ 2 . 

As in the elliptic case, this Simons' type inequality is a crucial ingredient for estab- 
lishing curvature estimates. 

10. Minimal annuli with small total curvature are graphs 

It is easy to see that a minimal disk with small total curvature must be a graph 
away from its boundary: 

If J BRns \A\ 2 < e, then ThcorcmlP gives \A\ 2 < Ce/R 2 on B R/2 n 
E; integrating this (since |Vn| < \A\) implies that each component 
of Br/2 fl E is a graph if e > is small enough. 

However, the corresponding question for minimal annuli is more subtle. We shall 
discuss this and some related problems in this section. 

In |CM10j . we gave three proofs that a minimal annulus with small total 
curvature is a graph. The first used a singular integral formula which had previously 
been useful for estimating nodal and singular sets; see Proposition 111), ll below and 
compare |Doj . The second, and easiest, applies more generally to surfaces with 
quasi-conformal Gauss maps; see Proposition ll0.2l The third, which is outlined in 
Lemma [10.31 was the one which could be extended to "annuli with slits" — i.e., 
embedded double- valued minimal graphs. 

In this section, E C R 3 is a compact connected oriented immersed surface. If 
a £ S 2 , a 1 - denotes {x e R 3 | (x, a) = 0}. For a.ie S 2 , Angle(a,6) is the angle 
between a^-.b- 1 : i.e., 



(10.1) Angle(a, b) = dist S 2 (a, {b, -b}) . 

Let / be harmonic on E 2 with critical points {yi} with multiplicities {m,}. 
Suppose that none of the j/i's lie on 9E. The Bochner formula on E \ {yi} gives 

(10.2) A S log|V s /| 2 = 2 fej! + 2 K- = 2K. 

Here we used that since As/ = and E is 2-dimensional, then 

(10.3) 2|Hes S/ | 2 |V s jf = |V s |V s /| 2 | 2 . 
Hence, by Stokes' theorem 

I d log |V S /| 2 = I Aslog|Vs/|2+4 , Em4 

(10.4) = 2 / if + 47rVm i . 

Proposition 10.1. |CM10j // E is connected and minimal with boundaries 
o\ and 02; / CTlUcr2 1^1 < n /&> an d / s K > — 7r, then E is graphical. 
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PROOF. Fix qi £ en. Since |Vsdistg2 (n(<&), n(-))l — l-^li the assumption on 5E 
gives 



(10.5) 



sup dist S 2(n(q l ),n(z l )) <Y] \A\ < ir/8. 



Choose & e S 2 with Angle(n(<j t ), 6) < 7r/4 for i = 1,2. We will show that £ is 
graphical over the plane 6 . By the triangle inequality and (|10.5|) . for i = 1,2, 

(10.6) sup Angle(6,n(2j)) < 7r/4+ sup dist S 2(n(q , i ),n(2;j)) < 3ir/8. 

Rotate coordinates so that b = (0, 0, 1) and b is the cci-a^-plane. Fix 9 and set 

(10.7) / = a:icos0 + £2sm0. 
Given i£S. 

(10.8) |V s jf(:r) - 1- ((cos0,sin0,O),n(x)) 2 > (b,n{x)) 2 . 
On <9£ = cti U ct 2 , (fTul)|) and fTTD^I imply that 

(10.9) inf |V S /| > inf |(&,n(a;))| > cos(3tt/8) > 1/3. 

Since |Vs|V s /|| < |Hess/| < \A\, itTOl) gives on <9£ 

(10.10) | V E log |V S /| 2 | = 2| ^ |V f f 11 < 6 \A\ . 



Integrating l|10. 10|) . we get 



(10.11) 



dlog|V s /| 2 



< 6 / |A| < 3tt/4. 
'as 



Since £ is minimal, As/ = 0. Substituting l|10.11|l into 110.4}! . 

Ids, 



f <i log |V S f I 2 f 

10.12) 4tt> 771;=/ , Jl -2 K <3n 4 + 2n < 4tt: 

< Jot. dn J s 



hence, / has no critical points. Since this is true for any 9, £ is graphical over 

In fact, Proposition llO. II holds for £ whose Gauss map n is quasi-conformal: 

Proposition 10.2. |CM10} // £ c R 3 is connected, j s \K\ < n, \A\ 2 < 
C\K\, and <9£ has components {(Ji\i<i< n with 

n 

(10.13) inf sup {dist S 2(n(x), a)} < e < ir/8 , 

then n(£) C B2t(a) for some a £ S 2 and £ is the graph ofu over a 1 ' with | V?j| < 4 e. 
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10.1. Holomorphic functions on annuli. We next estimate the oscillation 
of a holomorphic function with small gradient on annuli. Since the Gauss map of a 
minimal annulus is conformal and its derivative is the second fundamental form A, 
this serves as a good model (in fact, the proof can easily be adapted to that case). 

Suppose that / is holomorphic on an annulus Dr \ Dg and satisfies |V/| < 
e/(2ir\z\). Integrating this around each circle, we see that the oscillation of / on 
each circle is at most e. However, if we simply integrate this bound radially to 
compare / on the different circles, we get the log of the ratio of the radii. The next 
lemma improves on this to get a bound independent of this ratio; the key is to keep 
track of cancellation rather than integrating the bound on |V/|. 

Lemma 10.3. If f : Dr\D$ —> C is holomorphic and J gD u g Ds |V/| < e, then 
(10.14) min max \ f(z) — c| < e . 

c6C z 

Proof. For 5 < s < R, define the circular average of / by 

r 2ir 

i-i 



(10.15) I(s) = (2tt S )- 1 / /=(2tt)- 1 / f(se l ")de, 

JdD s JO 

and c = 1(6). Differentiating (|10.15(l . we have 

df . _! f df _ . f 2 " df 



2irsl(s) = / — = -is / — = -i / 

JdD s dr J dDs 89 J 

(10.16) =-U/( S e* 2 -)-/( S c°)]=0, 



where we used that ^ = — i r 1 ^ since / is holomorphic. In particular, I(R) = c. 
Since I(s) is the average of / over dD s , there exist 2/1,2/2 G QDr with 

(10.17) c = Re (/(ift))+ilm (f(y 2 )) . 
Combining (|TnT7|) with J dDllUdDs |V/| < e, 

(10.18) max |Re (f(y) - c)| < e/2 and max |Im (f(y) - c)| < e/2 , 

y€dD R y&dD R 

so that |/ — c| < e on d(Dn \ D$). The maximum principle then gives (|10.14|l . □ 

Note that Lemma 110.31 docs not hold for harmonic functions (in particular, 
(|10.16|l does not hold); e.g., take e logr/(47r) and R > e 87r S. 

10.2. Bers' Theorem revisited. We have seen that an annulus with small 
total curvature must be graphical, even as the outer radius goes to infinity. However, 
Bers' Theorem indicates that much more should be true: the unit normal actually 
goes to a limit at infinity. This follows from a sharper decay estimate for the 
curvature. To keep things simple, we will give the argument for a holomorphic 
function with small gradient as in the previous lemma. 

Lemma 10.4. /// : D R \ Di — > C is holomorphic and |V/(z)| < l/\z\, then 

(10.19) I |V/| 2 < 2-Ke 2t /R. 
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PROOF. By IjlO.lfijl . we can subtract a constant so that J gD / = for all 



Set 

(10.20) 



E(t) = f 



|V/| 5 



Since / is holomorphic, the Cauchy-Riemann equations give 
(10.21) dfAdf = i\\7f\ 2 dxAdy. 

Applying Stokes' theorem, we get 



(10.22) E(t) = -i 



dfAdf = -i 



• D R l/2 c t\-D R l/2 c -t 



a Kl/2 A^ R l/2 - t ) 



fdf. 



Differentiating (|10.2U|) . the chain rule and |V/| < l/\z\ give 

(10.23) E'{t) = R 1 ' 2 (T t f |V/| 2 + -R 1/2 e* f |V/| 2 < An 



The Cauchy-Schwarz and Wirtinger inequalities (recall that J dD f = 0) give 



fdf 



dD r 



ffedO 



dD r 



< 



\f?dd 



dD r 



1/2 



\fe\ 2 d0 



dD r 



1/2 



(10.24) < f \fg\ 2 d9 = r/2 [ |V/| 2 , 

JdD r JdD r 

where the last equality used the Cauchy-Riemann equations to relate fg and f r . 
By H10.22H10.24j l. we S et 2E ( t ) < E '(t) and ^l 1 / 2 lo g-R) < 2tt. Integrating this 
differential inequality yields i|10.19ll . D 

Combining Lemma 1 10. 41 fwith t = log 2) and the mean value inequality, we get 



(10.25) max |V/| 2 < {ttR/4) 1 / | V/| 2 < 32 i?" 2 . 
dD * 1/2 Jd 2 R W2\d r1/2/2 

If we now take R — > oo as in Bers' theorem, then we see that 

(10.26) |V/(z)| <C\z\~ 2 . 

The bound pt).26j) is intcgrablc radially (as \z\ — > oo), so we see that / has an 
asymptotic limit. 

Finally, note that f(z) = 1/z shows that (|10.25|) is sharp (up to the constant). 



Part 2. The role of mult i valued graphs in minimal surfaces 

There are two local models for embedded minimal disks (by an embedded disk 
we mean a smooth injective map from the closed unit ball in R 2 into R 3 ). One 
model is the plane (or, more generally, a minimal graph) and the other is a piece 
of a helicoid. 

The second model comes from the helicoid which was discovered by Meusnier in 
1776. Meusnier had been a student of Mongc. He also discovered that the surface 
now known as the catenoid is minimal in the sense of Lagrange, and he was the 
first to characterize a minimal surface as a surface with vanishing mean curvature. 
Unlike the helicoid, the catenoid is not topologically a plane but rather a cylinder. 

The helicoid is a "double spiral staircase" (see |CM17j ): 
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Example 2: (Helicoid; see fig. The helicoid is the minimal surface in R 3 given 
by the parametrization 

(10.27) (s cost, s sin t, t) , where s, (6R. 




Figure 1. Multi-valued 

graphs. The helicoid is ob- 
tained by gluing together two 
oo-valued graphs along a line. 



Figure 2. The separation w 
grows/decays in p at most sub- 
linearly for a multi-valued min- 
imal graph; sec l|11.4JI . 



11. Basic properties of multi valued graphs 

We will need the notion of a multi-valued graph, each staircase will be a multi- 
valued graph. Intuitively, an (embedded) multi-valued graph is a surface such that 
over each point of the annulus, the surface consists of N graphs. To make this 
notion precise, let D r be the disk in the plane centered at the origin and of radius 
r and let V be the universal cover of the punctured plane C \ {0} with global polar 
coordinates (p, 9) so p > and 9 G R. An N -valued graph on the annulus D s \ D r 
is a single valued graph of a function u over 

(11.1) {(p,6)\r<p<s,\6\<N<K}. 

For working purposes, we generally think of the intuitive picture of a multi-sheeted 
surface in R 3 , and we identify the single- valued graph over the universal cover with 
its multi- valued image in R . 

The multi-valued graphs that we will consider will all be embedded, which 
corresponds to a nonvanishing separation between the sheets (or the floors). Here 
the separation is the function (see fig. 0) 

(11.2) w(p, 6) = u(p, 6 + 2?r) - u(p, 6) . 

If E is the helicoid, then £ \ {2:3 — axis} = Si U S2, where Si, £2 are oo-valued 
graphs on C \ {0}. Si is the graph of the function u±(p, 9) = 9 and £2 is the graph 
of the function U2(p, 9) = 9 + n. (£1 is the subset where s > in l|10.27fl and £2 
the subset where s < 0.) In either case the separation w — 2n. A multi-valued 
minimal graph is a multi-valued graph of a function u satisfying the minimal surface 
equation. 
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Note that for an embedded multi-valued graph, the sign of w determines 
whether the multi-valued graph spirals in a left-handed or right-handed man- 
ner, in other words, whether upwards motion corresponds to turning in a clockwise 
direction or in a counterclockwise direction. 

11.1. The sublinear growth of the separation. As we have seen, the 
separation is constant for the multi-valued graphs coming from each half of the 
helicoid. This can be viewed as a type of Liouville Theorem reflecting the conformal 
properties of an infinite-valued graph. In Proposition II. 2. 12 of |CM3j . we proved 
a corresponding gradient estimate: 

Proposition 11.1. |CM3j Given a > 0, there exists N g so if u satisfies the 
minimal surface equation on {e~ Ns R < p < e Ns R, —N g < 8 < 2TT+N g }, |Vw| < 1, 
and separation w ^ 0, then 

(11.3) \Hess u \(R,0) + \W\og\w\\(R,0) <a/R. 

One important consequence of (|1 1 . H|> is that, for a < 1, the separation grows 
sublinear ly: 

Corollary 11.2. Given a > 0, there exists N g so if u satisfies the minimal 
surface equation on {e - ^ 9 t\ < p < e Ng r^ , —N g < 8 < 2tt + N g }, |Vm| < 1, and 
separation «i^0, then 



(n.4) H(ra,o)<H(n,o) 



Proof. Integrate | V log | w| | < a/p along the ray 8 = to get 
(11.5) log— 7^<a p 1 dp = log — 



□ 



Since u(-,-) and its 27r-rotation u(-, ■ + 2n) are both solutions of the minimal 
surface equation, the difference w is almost a solution of the linearized equation 
(which is the Jacobi equation in this case). Since the graphs have bounded gradient, 
this equation is not too far from the Laplace equation. To give some indication of 
why l|11.3f) holds, we will give an elementary proof when u and w are harmonic. 

Proof, (of Proposition lll.ll when u is harmonic.) After rcscaling, we can 
assume that R = 1. By making the conformal change of coordinates (p, 9) — > 
(logp, 8) we get a positive harmonic function 

(11.6) w(x,y) = w{e x ,y) 

defined on the square [—N g , N g ] x [—N g , N g ]. Since the chain rule gives 

(11.7) Vlogw(l,0) = Vlogw(0,0) , 
applying the Euclidean gradient estimate to w yields 

(11.8) |Vlog W (l,0)| = |Vlogi2(0,0)| <C/N g . 

This gives the sublinear gradient estimate for w if N g is sufficiently large. The 
bound on Hess u follows similarly. □ 
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Proposition II 1.11 allows us to assume (after rotating so Vu(l,0) = 0) that 

(11.9) \\7u\+ p\Ress u \+4p\\7w\/\w\+ p 2 \Ress w \/\w\ <e< 1/(2tt). 

The bound on |HesSu,| follows from the other bounds and standard elliptic theory. 

11.2. Curvature decay. In corollary 1.14 of CM8 , we proved faster than 
quadratic curvature decay for double-valued minimal graphs whose separation 
grows sublinearly: 

Proposition 11.3. There exists C so ifu satisfies the minimal surface equation 
and fiO)) on {1 < p < R , -tt < 9 < 3tt}, then on {1 < p < R 1 / 2 , < 9 < 2tt} 

(11.10) p\Hess u \ < Cep- 5/12 , 

and therefore, after possibly rotating R 3 ( and replacing u ), we get 

(11.11) |V«| < Cep- 5/12 . 

Of course, Proposition ll 1 ,3l is a generalization of Lcmma ll0.4l which proved cur- 
vature decay for annuli. As in the annuli case, the proof uses the quasi-conformality 
of the Gauss map to deduce a differential inequality. However, the "slit" (i.e., 
where the double-valued graph does not close up) contributes new terms which are 
controlled using the estimate for the separation. Notice that the second conclu- 
sion fll 1 . 1 ip of the proposition proves a generalization of Bers theorem: Embedded 
multi-valued minimal graphs have an asymptotic tangent plane. 

12. Sharp estimates on the separation for mult i valued graphs 

We will describe in this section two sharp estimates on the separation of a multi- 
valued minimal graph; see Propositions 1 1 2 . fl and 1 1 2 ."21 below . These estimates will, 
unlike the earlier estimates ()11.4(l and l|11.10|) , require a rapidly growing number of 
sheets (growing in p). 

Suppose for a moment that we are looking at an embedded surface which is the 
oo-valued graph of a harmonic function so that in particular the separation w is 
a harmonic function which after reflection we may assume is positive. By making 
the conformal change of coordinates (p, 9) — > (log p, 9) wc get a positive harmonic 

(12.1) w(x,y) =w(e x ,y) 

defined on the half-plane {x > 0, y € R}. By the mean value inequality and the 
Harnack inequality (since w is positive) 

If If C 

(12.2) w(y,0) = / w> / w> — -«i(0,0). 

2tt y J dDy fe , ) 2tt y J d D y ( 9 ,o)nd 2tt (y + 1) 

Similarly, by an inversion formula one may show that 

(12.3) u,(y,0)< 27r ° +1) w(0,0). 

For the original function w, (|12.2|) combined with (|12.3|l gives for some constant C 
independent of w 

(12.4) F^lfS^ 10 ^ 

Clogp «;(1,0) 



In the case of embedded multi-valued minimal graphs we get similarly: 
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Proposition 12.1. |CM8| . Let S be an embedded multi-valued minimal graph 
of a function u and with a rapidly growing number of sheets, then for the separation 
w we have for some constant C 

(12.5) F^lfS^ 10 ^ 

Clogp tw(l,0) 

Suppose again for a moment that u and hence w is harmonic. Similarly to 
(Il2"2l we get that 

(12.6) w(P,y)<C2w(y + l)w(y,y). 

By the Harnack inequality w(y,y) < Cw(y,0), combining this with (|12.6|) and 
(THHll we get 

(12.7) w(0,y) < C(y 2 + 1)«5(0,0) . 
For the original function w, this gives 

< 12 ' 8 > cjhT)^^^^- 

Again in the case of embedded multi-valued minimal graphs we get similarly: 

Proposition 12.2. Let X be an embedded multi-valued minimal graph of a 
function u and with a rapidly growing number of sheets, then for the separation w 
we have for some constant C 

The lower bound in i|12.6|) for the decay of the separation is sharp. It is achieved 
for the oo-valued graph of the harmonic function (graphs of multi-valued harmonic 
functions are good models for multi-valued minimal graphs) 

a 

(12.10) u(p, 0) = arctan: 



logp ' 

Note that the graph of u is embedded and lies in a slab in R 3 , i.e., |u| < 7r/2, and 
hence in particular is not proper. On the top it spirals into the plane {X3 = 7r/2} 
and on the bottom into {23 = — 7r/2}, yet it never reaches either of these planes. 

Question 1. It would be interesting to construct an infinite-valued exterior 
solution of the minimal graph equation with the same properties as arctan ; 
i.e., one which spirals infinitely in a slab (see |CM18) for a local example). 

13. Double valued minimal graphs 

We will now describe how to bound the oscillation of the Gauss map of a 
double-valued minimal graph. This bound was proven in |CM10| . Rather than 
give the precise statement here, we will instead illustrate a few of the key ideas by 
considering the analogous situation for a holomorphic function /. Here we are of 
course thinking of / as being the stereographic projection of the Gauss map. The 
sublincar growth of the separation, i.e., I|11.9|) and its integrated form, correspond 
to 

(13.1) |/|+p|V/|<c<l/(27r), 

(13.2) \f(p,2ir) - f(p,0)\ <2ne 
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The bound on the oscillation of / fLemma |l3.1l below') now follows by modifying 
the argument for annuli fLcmma ll0.3|l . Since / does not match up at 9 = and 
2ir, we get an additional term which is estimated using the sublinear growth i|13.2|l . 

Lemma 13.1. If f : {8 < p < R, < 9 < 2tt} — > C is holomorphic and satisfies 
mi]} and WTty . then 

(13.3) min max \f — c\ < h 2ir e . 

cgc 1-e 

Proof. (Following Lemma Tl 0.31 s ) For 5 < s < R, define the circular average 

(13.4) I(s) = (2w)- 1 f{s,6)d6. 

Jo 

Note that integrating (|13.1|) gives 

(13.5) \I(s)-f(s,9)\ <2ire. 

Differentiating (|13.4(l and using ^ = — i p^ 1 ^ since / is holomorphic, we have 

2«sm=» r dj ¥^d9=-i rm^ d 9 



dp J 89 

(13.6) =-i[/(s,2 7r)-/( S ,0)]. 

Using the bound (|13.2|) along the slit, (|13.6|) gives 

(13.7) s\I'(s)\ < eS^s" 1 . 
In particular, integrating this gives for 6 < p < R that 



(13.8) \I(p)-I(S)\ ^eS 1 -" ^ s e - 2 ds<e/(l-e). 

The bound (|llH|) follows from lfLT3|l and (|LTH|) . □ 



Modifying this argument to apply to double-valued minimal graphs introduces 
new difficulties. In that case, one works directly on the graph (where the Gauss 
map is holomorphic) and uses averages over "geodesic sectors" rather than circles 
in the plane. One difficulty is a new term in the analog of i|13.6f) which results from 
differentiating the measures of the level sets. 

14. Approximation by standard pieces 

In this section we show that any embedded multi-valued minimal graph has a 
sub-graph which is close to the sum of a piece of a catenoid and a piece of a helicoid. 
This generalizes a similar representation for minimal graphs over an annulus given 
in proposition 1.5 in |CM9| : of course, there was no helicoid term in that case. 
These results are new and have not appeared in the literature elsewhere. 

Recall that half of a catenoid, i.e., 

(14.1) {{xi/sf + (x 2 /s) 2 = cosh 2 (x 3 /s) , ±2:3 > 0} , 

is a minimal graph of u(z) = ±s cosh _1 (|z|/s) over C\D S . Note that s cosh _1 (|z|/s) 
is asymptotic to slog[2 |z|/s]. Recall also that half of the helicoid is the multi- 
valued graph of the function u given in polar coordinates by u(p,9) = 9. Our 
approximation result (see Corollary 114.31 below) is therefore that any embedded 
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multi-valued minimal graph has a sub-graph which is close to the graph of a multi- 
valued function v given by (a, 6, c S R are constants) 

(14.2) v(p, 6)=a + b Iog(p/r) + c0/(2ir) . 

As in the two previous sections, u will be a multi-valued function and w will 
be its separation. For convenience, we will write S^'r to denote the "rectangle" 

(14.3) {{p,e)\n<p<r 2 ,e 1 <e<e 2 }. 

We begin with a representation formula for the gradient of an "almost har- 
monic" function. Recall that if Am = on an annulus, then the function / = 
u x — i u y is holomorphic. In particular, / has a Laurent expansion which can be 
recovered using the Cauchy integral formula. The next lemma uses a variation on 
this for multi- valued "almost harmonic" functions: 

Lemma 14.1. Given a function u on S~~*J^ , set f = u x — iu y . If 

(14.4) i/(oi <cicr 5/12 , 

(14.5) |A M (C)|<C|C|- 9/4 , 

(14.6) p\Vw\/\w\<e<l/{2ir), 

then for n > 1 and ( € S l^^R/ 2 

(14.7) f(0 = (b + tc/(2n))C 1 +g(0 
where 6, c G R and 

(14.8) |p(C)| < d iT 5 / 24 + d rr V4 Id" 1 + d Mn,0)| . 

PROOF. We will first use the Cauchy integral formula (this is just Stokes' the- 
orem applied to the one-form f(z)/(z — £) dz) on the domain 'JL to get a repre- 
sentation formula on g^/ 2 -^J_ 2 Assume that C G g^/ 2 ^^_[ 2 T; ne Cauchy integral 
formula gives 

2-/(0=/ ^U-/ - ' 




'•ys p-Q Ji p-C J 

The first two terms correspond to the usual formula for annuli, the third term 
vanishes when / is holomorphic, and the last term arises since / is multi-valued. 
(The first three are almost identical to the corresponding ones in lemma 1.7 in 
|CM9j .l To prove the lemma, we will show that the first term is small and the 
other three are small after subtracting a multiple of l/£. 
First, \ f(z)\ < C\z\~ 5 / 12 and |C| < VR/2 give that 



(14.10) 



5" 



<4tt sup |/| < AttCR- 5/24 



Vr,Vr 



(14.11) 



For the remaining terms, we will use the identity 

1 -1 z 



z-C C C(z-C) 
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Second, using fTCTT) . 2 < |C|, and |/| < C, 



(14.12) 



?•?" ^ - c c 



0,271 
1.1 



f(z)dz 



0,2tt 
1,1 



4ttC 



To bound the third integral, we separate out the disk of radius |£|/2 about 
C and divide the remainder into two regions using the circle of radius r\. Using 
(tlTTll . 2n < |C|, and |Au(z)| < C|z|- 9 / 4 , we get 



Am 1 



<4^C|Cr 2 / r~ 1/4 dr + 2 9 / 4 C 



icr 9/4 



■47rC|C|- 



(14.13) 



< ^^cicr^ + ieTrCr^'^icr 1 



Finally, this leaves the slit (i.e., the terms which arise because u is not well- 
defined over the annulus), where we divide the integral into three parts 



(14.14) 



f(p,2n)-f(p,0) 

p-C 



dp 



/(p, 270 -/(0,0) 



dp 



-C" 1 J (f(p,2n)-f(p,0))dp + 
Using p \Vw\/\w\ < e, we get for p>r\ that 



^ p(f(p,2ir)-f(p,0)) 



C(p-C) 



dp . 



(14.15) I/Go, 2tt) - /(p, 0)| = \Vw(p, 0)| < e < e 



'T 



Note that the real part of £ is negative since C G ^2 an d hence |p — £| > p 

To bound the first term in (|14.14(l . we use this and (| 1 4 . 1 5|) to get 



(14.16) 



f(p,2n)-f(p,0) 

p-( 



dp 



<-H(n,0) / p'~ 2 dp<2e 



IHfri.Q) 
n 



Similarly, to bound the third, use p \ Ww\/\w\ < e to get 



(14.17) 

^ p(f(j>,2n)-f(p,0)) 

C(p-C) 



dp 



< er. 



< e ?*, 



\w\(p,0)dp 

ri M(ruO)(n/pydp<2eM^ 

ri 



Putting all of this together, we now get the desired representation formula (|14.7|) 
and remainder estimate (|14.8(l for £ e ^2n'\^En' Namely, we set g = gi + g-2 + .93 
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and 

2m (ft + j ±) = f f{z) dz + / 1 (f(p, 2tt) - f(p, 0)) dp + i f Au, 



1.1 



(14.18) 



27Ti 5l (C)= / ^dz., 



n/H,\/H 

9 . (n f(p,2n)-f(p,0) F f(P> 2 *)-f(j>>°) a 
2-Tng 2 {Q = - t dp- - pdp, 

Jri P-C Jl C(P-C) 

2^33(0=-/ ^ r dz~-f f(z)dz-i [ I A«. 

We can repeat this by integrating over S 1 y^' 37 ^ 2 an( i "-^(/j^ 2 ^° § c ^ similar 
representations on 5°'^ an d '-'^"/r^ ( w ^ n different values of b and c) . By 
continuity, the same representation holds on all three regions (since they overlap), 
giving the lemma. □ 

Definition 14.2. Fix p > 0. A standard piece £„ on the scale r is a graph of 
v over S~^ w (y) given in polar coordinates (p p ,8 p ) centered at p by 

(14.19) v(p p , 9 p ) = a + b log(p p /r) + c6 p /{2ir) . 

The constant a is the "plane coefficient" , b is the "catenoid coefficient" and c 
is the "helicoid coefficient" (this gives the separation w). Note that v is harmonic. 

Corollary 14.3. Let u be a solution of the minimal graph equation on S^,^^ 
with w < satisfying 9}) and \u\ < e p. There is a rotation o/R 3 so given r\ > 2, 
we get a standard piece 

(14.20) v = a + b log p + c6/(2ir) , 
for a, b, c € R with 

(14.21) sup \u{p,9)-v(p,9)\ <C 2 pe\w\{r 1 ,0) + C 2 pr 1 R~ 5 / 24 + C 2 pr; 1/4 . 

Q 0,2ir 

PROOF. Corollary 1.14 in |CM8| give a rotation of R 3 so that for z € S' 2 ^" 

(14.22) |Vu(z)| + \z\ |Hcss M (z)| < Ce \z\~ b ' 12 . 

Since, by (1.6) of EMI, |Au| < |Vu| 2 |Hess u |, gives on S~ 2 J± i7T that 

(14.23) |Au(z)| <Ce 3 \z\~ 9/4 . 

Note that (logp) x — i (\ogp) y = l/(x + iy) and 9 X — i 6 y = i j (x + iy). Using this 
and Lemma ll4.il we get that on S^' 2 ^ ri 

(14.24) |V(u-61ogp-c0/(27r))| <C X (rt*/ 3 * + 2 p~ x + 2 e ^ 0)1 ) . 
Integrating l|14.24(l gives (|14.21|l . □ 
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Question 2. Corollary \ 14 ■ ff| shows that embedded multi-valued minimal graphs 
are closely approximated by helicoids (plus a catenoid term) on each scale. However, 
a priori, the helicoid coefficient can change from scale to scale ( the point of |CM10) 
is that the axis of the helicoid does not change so that all are vertical). It would be 
interesting to estimate how quickly this helicoid coefficient can change and construct 
examples demonstrating this. 

Part 3. Regularity theory 

In this part, we survey some of the key ideas in classical regularity theory, recent 
developments on embedded minimal disks, and some global results for minimal 
surfaces in R 3 . Sections 1151 and 1161 focus on Reifenberg type conditions, where 
a set is assumed to be close to a plane at all points and at all scales ("close" is 
in the Hausdorff or Gromov-Hausdorff sense and is defined in Section ITS)) . This 
condition automatically gives Holder regularity (and hence higher regularity if the 
set is also a weak solution to a natural equation). Section IT7I surveys the role 
of monotonicity and scaling in regularity theory, including e-rcgularity theorems 
(such as Allard's theorem) and tangent cone analysis (such as Almgrcn's refinement 
of Federer's dimension reducing). Section ITHl briefly reviews recent results of the 
authors for embedded minimal disks, developing a regularity theory in a setting 
where the classical methods cannot be applied and in particular where there is no 
monotonicity. The estimates and ideas discussed in Section El have applications to 
the global theory of minimal surfaces in R 3 . In Section we give a quick tour of 
some recent results in this classical, but rapidly developing, area. 

15. Hausdorff and Gromov-Hausdorff distances 

Recall that the Hausdorff distance between two subsets A and B of a Euclidean 
space is no greater than 5 > provided that each is contained in a (5-ncighborhood 
of the other. 

There is a natural generalization of this classical Hausdorff distance between 
subsets of Euclidean space to a distance function on all metric spaces. This is the 
Gromov-Hausdorff distance and it gives a good tool to study metric spaces. 

Suppose that (X, dx) and (Y, dy) are two compact metric spaces. We say that 
the Gromov-Hausdorff distance between them is at most e > if there exist maps 
/ : X -> Y and g:Y -> X such that 

(15.1) Mxi,X2&X: \d x {x 1 ,x 2 ) - d Y (f(xi), f(x 2 ))\ < e , 

(15.2) VxeX: d x (x,gof(x))<e, 

and the two symmetric properties in Y hold. The Gromov-Hausdorff distance 
between X and Y, denoted by dcniX, Y), is then the infimum of all such e. 

Using this topology we can then say that a sequence of metric space converges to 
another metric space. For noncompact metric spaces there is a more useful notion 
of convergence which is essentially convergence on compact subsets. Namely, if 
(Xi,Xi,dxi) is a pointed sequence of metric spaces then we say that (JQ, Xi, d Xi ) 
converges to some pointed metric space (X, x, dx) in the pointed Gromov-Hausdorff 
topology if for all ro > fixed the compact metric spaces B rQ {xi) converges to 
B ro (x). 
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Gromov's compactness theorem is the statement that any pointed sequence, 
(M™,rrii), of n-dimensional manifolds, with 

(15.3) Ric M n > (n- 1)A, 

has a subsequence, (M",77ij), which converges in the pointed Gromov-Hausdorff 
topology to some length space (MocTOqc). 

The proof of this compactness theorem relies only on the volume comparison 
theorem. In fact it only uses the volume doubling which is implied by the volume 
comparison. 



16. Reifenberg type conditions 

One concept or idea that often plays a central role in regularity theory is that 
of being Reifenberg flat, a notion introduced by E. R. Reifenberg |R.ej . In the case 
of Reifenberg it was introduced to measure the closeness of a subset of Euclidean 
space to being an afhne space. The deviation was measured on all scales and a 
number was assigned which was the maximal scale invariant Hausdorff distance 
to a afhne plane, see |To| . |Se) . |DaTo) . |DaKeTo] for interesting results in this 
classical direction. 

To explain this point about the importance of this condition further we recall 
the following definition from [ChClj which was inspired by the classical work of 
Reifenberg. 

Let (Z, dz) be a complete metric space. We will say that Z satisfies the (e, p, n)- 
Qiz (or Generalized Reifenberg) condition at z € Z if for all < a < p and all 

y E B p _ a (z), 

(16.1) d GH {B a {y) 7 B a {0j) <e<j, 

where B ro (0) C R™. 

Theorem 16.1. (Appendix of |ChC2| . ) Given e > and n > 2, there exists 
S > such that if (Z,dz) is a complete metric space and Z satisfies the (6,r$,n)- 
Gtz condition at z £ Z then there exists a bi-Holder homeomorphism $ : B^m. (z) — > 
B^r(0) such that for all Zi, Z2 G Z, 

(16.2) r - £ |$(zi) - $(z 2 )| 1+e < d z ( Zl ,z 2 ) < r e |$(zi) - . 

Here is one example where such a Reifenberg type condition naturally come 
up; see |C2| . |ChClj for more on this. 

Theorem 16.2. ^fUT]. |ChCl| ). Given e > and n > 2, there exist 5 = 
5{e,n) > and p = p(e,n) > 0, such that if M n has RicM n > — (n — 1) cind 
< r < p with 

(16.3) d GH (B 2 r o (x),B 2ro {0)) <5r , 
or 

(16.4) Vol(B 2ro (x))>(l-5) V>(2r ), 
then M n satisfies the (e,ro,n)-G-R condition at x. 
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17. Monotonicity and regularity theory 

As we have already seen, the monotonicity of a "scale-invariant energy" has 
played a key role in the regularity theory for geometric variational problems. In 
many cases, this monotonicity is useful for establishing two key tools: 

(1) An e-rcgularity theorem which guarantees that a weak solution is actually 
smooth when the scale-invariant energy is small. 

(2) The existence of tangent cones which are dilation invariant. 

In this section, we briefly review the role of monotonicity in regularity theory, 
emphasizing these two tools, and give some examples. 

To keep things concrete, it may be useful to mention some examples of varia- 
tional problems and their scale-invariant energies, some of which we have already 
encountered. The primary example is for a minimal fc-dimensional submanifold; in 
this case, the appropriate scale-invariant energy is the density 

, 171 s n , s Vol(fl a (a:o)n£) 

(17 ' 1} 9 *° (S)= Vol(l? a cR*) • 

There are many other examples, including 

• If S C R™ is a (2-dimensional) minimal surface, then another possible 
scale-invariant energy is J B \A\ 2 . 

• If u : R fc — ► M is a harmonic map, then the scale-invariant energy is 

• If M n has non-negative Ricci curvature, then the scale-invariant energy 
is the volume density r~" Vol(_B r (xo) C M) - here, the monotonicity goes 
the opposite direction. 

• If A is a Yang-Mills connection on M k with curvature Fa, then the scale- 
invariant energy is r 4 ~ fc J B \Fa\ 2 , see |Pr| . 

Interestingly, there are also parabolic analogs for all of these examples (cf. Huisken's 
monotonicity formula for the mean curvature flow, i.e., Thcorcm l6.2l or M. Struwe's 
monotonicity for the harmonic map heat flow, theorem 1.10 in [St)). 

Using this monotonicity, we can define the density Q Xo at the point xq to be 
the limit as r — > of the scale-invariant energy in B r (xo). It follows easily from 
the monotonicity that the density is semi-continuous. 

Remark 17.1. These energies are all scale-invariant in the sense that if a 
solution is rescaled by a factor A, then the energy of the new solution on a ball 
of radius A r is the same as the original solution on a ball of radius r. It is not 
difficult to find scale- invariant quantities - the difficulty lies in finding one that is 
monotone and can be estimated. For example, if u : R fc — ► M is a harmonic map, 
then J |Vu| fe is scale-invariant and monotone; however, it is not at all clear that 
there should be an a priori bound on this when k > 2. 



17.1. e— regularity and the singular set. This monotonicity is then im- 
portant in proving an e-rcgularity theorem. Recall that an e-rcgularity theorem 
gives that a weak (or generalized) solution is actually smooth at a point if the 
scale-invariant energy is small enough there. The standard example is the Allard 
regularity theorem: 
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Theorem 17.2. |Alj There exists S(k,n) > such that if £ C R" is a k- 

rectifiable stationary varifold (with density at least one a.e.), io € E, and 

Vol(B r (x ) n s ) 
"a Vol(B r c R fc 
then £ is smooth in a neighborhood of xq . 



(17-2) 9 X0 = lim V 2Z K y^' < 1 + * . 



Another well-known example is the e-regularity theorem of Schoen and K. 
Uhlenbeck for harmonic maps: 

Theorem 17.3. jScUhj There exists e{k, N) > such that if u : B r C R fc -> N 

is an energy minimizing map and 



(17.3) r'- K / |V< < e, 

JB r 

then u is smooth in a neighborhood of and |Vu|(0) < Cr _1 . 

See |ChCTi| for e-regularity results for limits of Kahlcr-Einstcin metrics and 
their applications to regularity of such limit spaces and see F.H. Lin, [Lnj . for recent 
developments on the regularity of harmonic maps which are not minimizing. 

Remark 17.4. The e-rcgularity theorem is closely related to a priori estimates 
when the energy is small (cf. Section|5J). In one direction, combining the regularity 
with a compactness argument usually directly gives an a priori estimate. 

The singular set S is defined to be the set where the scale-invariant energy is 
not small. The first application of these e-regularity theorems is some control on 
the singular set. For example, the semi continuity of the density immediately gives 
that S is closed. In order to bound the size of the singular set (e.g., the Hausdorff 
measure), we combine the e-regularity with simple covering arguments: 

Lemma 17.5. If u : Si C R fc — > M is an energy minimizing (harmonic) map, 
then the (k — 2) -dimensional Hausdorff measure of S is zero. 

Proof. Given 6 > and x £ S, then the e-regularity theorem ( Theorem 1 17. 3(1 
yields a ball B r ^ (x) so that 

(17.4) 0<e<r 2 x ~ k [ |Vu| 2 . 

JB rx {x) 

Using the 5-times covering lemma, we can find a disjoint collection of balls B ri (xi) 
so that 

(17.5) e<rf- k [ \Vu\\ 

JB T .(x i ) 

(17.6) S C UiB 5n (xi) . 

Since the balls B ri {xi) are disjoint, l(17.5|l implies that 

(17.7) ^E^ 2 ^E/ |V"| 2 </ |V U | 2 . 

I l JB r .(xi) JUiB r .( Xi ) 

Combining this with l|17.6f) . we get a uniform bound for the (k — 2)-dimcnsional 
Hausdorff measure of S. In particular, S has Lebcsguc measure zero. 

Finally, we show that the (k — 2) -dimensional Hausdorff measure of S is zero 
(and not just finite). First, notice that as S — > 0, the Lebesgue measure of U;£? ri (xi) 
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goes to zero. Since |Vu| 2 is an L 1 function, the dominated convergence theorem 
implies that 

(17.8) Urn / |Vu| 2 = 0. 



5^0 



UiB ri (xi) 



Substituting this back into l|17.7fl . gives the claim. □ 



This preliminary analysis of the singular set can be refined by doing a so-called 
tangent cone analysis. 

17.2. Tangent cone analysis. Each of these variational problems comes with 
a natural scaling which preserves the space of solutions. For example, if S C R" is 
a minimal submanifold, then so is 

(17.9) £ SiA = {y + \- 1 (x-y)\x e £} . 

(To see this, simply note that this scaling multiplies the principal curvatures by A.) 
Similarly, if u : R" — > M is an energy minimizing map, then so is the map u y \ 
defined by 

(17.10) u y ,x(x) = u(y + X(x - y)) . 

Suppose now that we fix the point y and take a sequence Aj — > 0. The monotonicity 
formula (for either area or energy) bounds the density of the rescaled solution, 
allowing us to extract a convergent subsequence and limit. This limit, which is 
called a tangent cone at y, achieves equality in the monotonicity formula and, 
hence, must be homogeneous (i.e., invariant under dilations about y). 

The usefulness of tangent cone analysis in regularity theory is based on two 
key facts. For simplicity, we illustrate these when £ C R" is an area minimizing 
hypcrsurface. (See |ChCl) for similar results for singular limit spaces of manifolds 
with lower Ricci curvature bounds.) First, if any tangent cone at y is a hypcrplanc 
R n_1 , then £ is smooth in a neighborhood of y. This follows easily from the Allard 
regularity theorem since the density at y of the tangent cone is the same as the 
density at y of S. The second key fact, known as "dimension reducing," is due to 
Almgren, |Am2| . and is a refinement of an argument of Fcderer. To state this, we 
first stratify the singular set S of £ into subsets 

(17.11) S C Si C ■ • ■ C S„_ 2 , 

where we define Si to be the set of points y G S so that any linear space contained 
in any tangent cone at y has dimension at most i. (Note that S n -i = by the 
previous fact.) The dimension reducing argument then gives that 

(17.12) dim(<Si)<i, 

where dimension means the Hausdorff dimension. In particular, the solution of the 
Bernstein problem then gives codimension 7 regularity of S, i.e., dim (S) < n — 8. 
See lecture 2 in [ST3] for a proof of fT7~T2|) . 

Remark 17.6. Using that the (k — 2) -dimensional Hausdorff measure of S is 
zero for an energy minimizing map u : R fe — > M by Lemma 117.51 it is not hard to 
see that Sk-2 = 0- In particular, we get that S is at most (fc — 3)-dimensional 
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This approach has been applied fruitfully to many problems since it requires 
only a natural scaling, a monotonicity formula, and a compactness theorem. A 
variation of this, giving tangent flows rather than tangent cones, has also been 
useful in parabolic problems (see, e.g., |W) for an application to mean curvature 
flow). 

Note that the tangent cones produced in this way may very well depend on the 
particular convergent subsequence. In some cases, one can prove uniqueness of the 
tangent cone and this is often quite useful (see, for instance, section 3.4 in |Si3| 
for one such application). However, in many settings tangent cones are not unique; 
see, for instance, |Pe4j . |ChCl| . 

18. Embedded minimal disks 

We next survey recent results of the authors for embedded minimal disks. The 
main result is a compactness and singular convergence theorem (Theorem 1 1 8 . 1 1 be- 
low) in a setting where the classical methods cannot be applied. In particular, there 
is no useful monotonicity formula or natural a priori bound. The main tools for 
overcoming these difficulties are a "classification of singularities" which describes a 
neighborhood of points of large curvature (Theorem 118.2(1 and our one-sided cur- 
vature estimate (Theorem 118.31 below ) . We will keep things brief here, attempting 
to highlight a few key points. We refer to |CM22) for a more detailed survey. 

As we will see, a fundamental theorem about embedded minimal disks is that 
such a disk is either a minimal graph or can be approximated by a piece of a 
rescaled helicoid depending on whether the curvature is small or not; see Theorem 
118.11 below. To avoid tedious dependence of various quantities we state this, our 
main result, not for a single embedded minimal disk with sufficiently large curvature 
at a given point but instead for a sequence of such disks where the curvatures are 
blowing up. Theorem 1 1 8 . II savs that a sequence of embedded minimal disks mimics 
the following behavior of a sequence of rescaled helicoids: 

Consider the sequence Si = S of rescaled helicoids where a; — ► 0. 
(That is, rescale R 3 by a,, so points that used to be distance d apart 
will in the rescaled R 3 be distance a; d apart.) The curvatures of 
this sequence of rescaled helicoids are blowing up along the vertical 
axis. The sequence converges (away from the vertical axis) to a 
foliation by flat parallel planes. The singular set iS (the axis) then 
consists of removable singularities. 

Let now C B2R be a sequence of embedded minimal disks with <9£; C dB2R. 
Clearly (after possibly going to a subsequence) either (A) or (B) occur: 

(A) sup Bf;ns . \A\ 2 < C < 00 for some constant C. 

(B) sup BRnSi \A\ 2 -► 00. 

In (A) (by a standard argument) the intrinsic ball B s {yi) is a graph for all yi £ 
BnnY,i, where s depends only on C. Thus the main case is (B) which is the subject 
of the next theorem. 



Using the notion of multi-valued graphs, this the main theorem of |CM6| . can 
now be stated: 
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One half of S. The other half. 



Figure 3. Theorem CO ~ the 
singular set, S, and the two 
multi- valued graphs. 

Theorem 18.1. (Theorem 0.1 in |CM6j ). See fig. Let £ 4 C B Ri = 

B Ri (0) C R 3 be a sequence of embedded minimal disks with <9£i C dB^ where 
Ri — > oo. If sup Sins . \A\ 2 — > oo, i/ien £/iere exists a subsequence, £,, and a Ljps- 
c/iite curve S : R — > R 3 swc/i t/iai a/ier a rotation of R 3 ; 

(1) a;3(<S(t)) = i. (That is, S is a graph over the x^-axis.) 

(2) Each Yij consists of exactly two multi-valued graphs away from S (which 
spiral together). 

(3) For each 1 > a > 0, £, ■ \ S converges in the C a -topology to the foliation, 
T={x 3 = t} t , o/R 3 . 

(4) sup B) _(5(j)) nS . \A\ 2 — > 00 for all r > 0, t € R. (The curvatures blow up 
along S.) 

In (2), (3) that Sj \ 5 are multi-valued graphs and converges to T means that 
for each compact subset K c R 3 \ S and j sufficiently large K n Sj consists of 
multi-valued graphs over (part of) {£3 = 0} and K n — > A' n in the sense of 
graphs. 

Theorem ll8.ll (as many of the other results discussed below) is modelled by the 
hclicoid and its rescalings. Take a sequence Sj = cij £ of rescalcd hclicoids where 
a, — > 0. The curvatures of this sequence are blowing up along the vertical axis. 
The sequence converges (away from the vertical axis) to a foliation by flat parallel 
planes. The singular set S (the axis) then consists of removable singularities. 

We now come to our key results for embedded minimal disks. These are some 
of the main ingredients in the proof of Theorem 118.11 The first says that if the 
curvature of such a disk £ is large at some point x £ £, then nearby x a multi-valued 
graph forms (in £) and this extends (in £) almost all the way to the boundary. 
Precisely this is: 

Theorem 18.2. (Theorem 0.2 in |CM4| ). See fig. g] and fig. Given N e 
Z_|_, e > 0, there exist C\, C'2 > so: Let £ E C Br C R 3 be an embedded 
minimal disk, dT, C <9-Br. //maxB r[) ns \ A\ 2 > 4Cj ! r ~ 2 /or some i? > ro > 0, i/ien 
f/iere exists (after a rotation) an N -valued graph £ ff C £ over Dr/c 2 \ ^2r with 
gradient < e and £ g C {x 2 < e 2 (a; 2 + 

As a consequence of Theorem 118.21 one easily gets that if |j4| 2 is blowing up 
near for a sequence of embedded minimal disks £,. then there is a sequence 
of 2-valued graphs £i j( 2 C £», where the 2-valucd graphs start off on a smaller 
and smaller scale (namely, ro in Theorem 118.21 can be taken to be smaller as the 
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Small multi- valued graph near 0. 

Figure 4. Part 1 of the proof 
of Theorcm ll8.2l finding a small 
multi-valued graph in a disk 
near a point of large curvature. 




Figure 5. Part 2 of the proof of 
Thcorcm ll8.2l extending a small 
multi-valued graph in a disk. 



curvature gets larger). Consequently, by the sublinear separation growth, such 2- 
valucd graphs collapse and, hence, a subsequence converges to a smooth minimal 
graph through 0. To be precise, given any fixed p > 0, l|11.3|l bounds the separation 
w at (p, 0) by 

(18.1) \w(pM<(£) Kn,,0)|<27rep Q ri-«, 

and this goes to as tq — > since a < 1. The bound |u>(ro,0)| < 27rero in (|18.1() 
came from integrating the gradient bound on the graph around the circle of radius 
r . (Here is a removable singularity for the limit.) Moreover, if the sequence of 
such disks is as in Theorem ll8.il i.e., if Ri — > oo, then the minimal graph in the 
limit is entire and hence, by Bernstein's theorem (theorem 1.16 in |CM1| ). is a 
plane. 

The second key result is the curvature estimate for embedded minimal disks in 
a half-space. This theorem says roughly that if an embedded minimal disk lies in 
a half-space above a plane and comes close to the plane, then it is a graph over the 
plane. Precisely, this is the following theorem: 

Theorem 18.3. (Theorem 0.2 in |CM6| ). See fig. There exists e > 0, such 
that i/Sc B2r H {^3 > 0} C R 3 is an embedded minimal disk with dT, C dB2 ro , 
then for all components £' of B ro n S which intersect B erQ 

(18.2) sup|A E | 2 <r - 2 . 

S' 

Using the minimal surface equation and that £' has points close to a plane, 
it is not hard to see that, for e > sufficiently small, (|18.2|) is equivalent to the 
statement that £' is a graph over the plane {x^ = 0}. 

An embedded minimal surface S which is as in Theorem 1 18. 31 is said to satisfy 
the (e, ro)~effective one-sided Reifenberg condition; cf. appendix A of |CM6| and 
the appendix of |ChCl| . We will often refer to Theorem 118.31 as the one-sided 
curvature estimate. 

Note that the assumption in Theorem 118.31 that S is simply connected is cru- 
cial as can be seen from the example of a rescaled catenoid. The catenoid is the 
minimal surface in R 3 given by (coshs cost, coshs sint, s) where s,i£R; see fig. 
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FIGURE 6. Theorem 118.31 - the one- 
sided curvature estimate for an embed- 
ded minimal disk £ in a half-space with 
<9£ C dB2r„ ■ The components of B ro fl£ 
intersecting B tra are graphs. 



A* 3 




- 

x 2 



Figure 7. The catenoid given 
by revolving x\ — cosh £3 
around the X3-axis. 



Rescaled catenoid. 
Y 

x 3 = 

Figure 8. Rcscaling the 
catenoid shows that simply 
connected (and embedded) 
is needed in the one-sided 
curvature estimate. 



[7| Under rescalings this converges (with multiplicity two) to the flat plane; see 
fig. |H1 Likewise, by considering the universal cover of the catenoid, one sees that 
embedded, and not just immersed, is needed in Theorem 1 18. 31 

As an almost immediate consequence of Theorem 118.31 and a simple barrier 
argument we get that if in a ball two embedded minimal disks come close to each 
other near the center of the ball then each of the disks are graphs. Precisely, this 
is the following: 

Corollary 18.4. (Corollary 0.4 in |CM6j ). See fig. There exist c > 1, 
e > so: Let £1, £2 C B cro C R 3 be disjoint embedded minimal surfaces with 
dYii C dB cro and B tra PI Si 7^ 0. If £1 is a disk, then for all components of 
B ro n £1 which intersect B ero 



(18.3) 



sup|^| 2 <r - 2 
si 
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graph 



graph 



FIGURE 9. Corollary HO Two 
sufficiently close components of 
an embedded minimal disk must 
each be a graph. 



This estimate has also been useful in the global theory of minimal surfaces, cf. 
|CM9j . |CM22j . and jMeRoj . It would be very interesting to find an intrinsic 
version of it (i.e., for intrinsic balls on one side of a plane): 

Question 3. It would be very useful to prove an intrinsic version of the one- 
sided curvature estimate. Namely, does Theorem \1 8. 51 hold when E is an intrinsic 
hall (in an embedded minimal disk)? If true, then this would likely have important 
consequences for proving properness of embedded minimal disks. 

One of the topics that we have suppressed is what we call "properness" of the 
limit. Basically, this is proving that we get a foliation in the limit or, equivalcntly, 
that the points of S cannot be isolated. This is the one place where the assumption 
Ri — > oo is used in an essential way; see |CM18) for a nonproper limit when Ri 
docs not go to oo. 

Question 4. Suppose that a sequence of embedded minimal planar domains 
Tii C B\ C R 3 with <9E,; C dB\ converges away from to a minimal lamination CJ 
of B\ \ {0} . Does C extend to a smooth lamination of B\ ? In other words, is 
a removable singularity? An example constructed in |CM18j shows that this need 
not be the case when the E^ 's are disks. It would be interesting to find non-disk 
examples (cf. |Kaj . |Tr| ). 



Recent years have seen breakthroughs on many long-standing problems in the 
global theory of minimal surfaces in R 3 . This is an enormous subject and, rather 
than give a comprehensive treatment, we will mention a few important results which 
fit well with the theme of this survey Throughout this section, E will be a complete 
properly embedded minimal surface in R 3 (recall that properness here means that 
the intersection of E with any compact subset of R 3 is compact). 

We say that E has finite topology if it is homeomorphic to a closed Riemann 
surface with a finite number of punctures; the genus of E is then the genus of this 
Riemann surface and the number of punctures is the number of ends. It follows 
that a neighborhood of each puncture corresponds to a properly embedded annular 
end of E. Perhaps surprisingly at first, the more restrictive case is when E has 
more than one end. The reason for this is that a barrier argument gives a stable 
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minimal surface between any pair of ends. This stable surface is then asymptotic 
to a plane (or catenoid), essentially forcing each end to live in a half-space. Using 
this restriction. P. Collin proved: 

Theorem 19.1. |Co| Each end of a complete properly embedded minimal sur- 
face with finite topology and at least two ends is asymptotic to a plane or catenoid. 

In particular, outside some compact set, E is given by a finite collection of 
disjoint graphs over a common plane (and has finite total curvature). See |CM21| 
for a proof of Theorem 1 1 9 . II using the one-sided curvature estimate. 

When E has only one end (e.g., for the helicoid), it need not have finite total 
curvature so the situation is more delicate. However, the regularity results of the 
previous section can be applied. For example, if E is a (non-planar) embedded mini- 
mal disk, then we get a multi-valued graph structure away from a "one-dimensional 
singular set." Using Theorems 118. II and 118.31 W. Meeks and H. Rosenberg proved 
the uniqueness of the helicoid: 

Theorem 19.2. |MeRoj The plane and helicoid are the only complete properly 
embedded simply-connected minimal surfaces in R 3 . 

This uniqueness should have many applications. Recall that if we take a se- 
quence of rescalings of the helicoid, then the singular set S for the convergence is 
the vertical axis perpendicular to the leaves of the foliation. In |Me) . W. Meeks 
used this fact together with the uniqueness of the helicoid to prove that the singular 
set S in Theorem llS.ll is always a straight line perpendicular to the foliation. Re- 
cently, W. Meeks and M. Weber have constructed a local example (i.e., a sequence 
of embedded minimal disks in a unit ball) where S is a circle. 

Properness is an important ingredient in many of these results and it is not 
known to what extent this assumption can be relaxed. In |Naj . N. Nadirashvili 
constructed complete non-proper minimal immersions (in fact, contained in a ball). 
It would be interesting to know whether this is possible for embeddings: 

Question 5. Suppose that E C R 3 is a complete embedded minimal surface 
with finite topology. Does E have to be proper? 

We have not even touched on the case where E has infinite topology (e.g., 
when E is one of the Riemann examples). This is an area of much current research, 
see jCM5j . the work of Meeks, J. Perez and A. Ros, jMePRsl) . |MePRs2j . and 
[MePRsli] . and references therein. 

We close this section with a local analog of the two-ended case. Namely, in 
CM9J, we proved that any embedded minimal annulus in a ball (with boundary 
in the boundary of the ball and) with a small neck can be decomposed by a simple 
closed geodesic into two graphical sub-annuli. Moreover, we gave a sharp bound for 
the length of this closed geodesic in terms of the separation (or height) between the 
graphical sub-annuli. This serves to illustrate our "pair of pants" decomposition 
from |CM5) in the special case where the embedded minimal planar domain is an 
annulus (we will not touch on this further here). The catenoid {x\ -\-x\ = cosh £3} 
is the prime example of an embedded minimal annulus. 

The precise statement of this decomposition for annuli is: 
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Theorem 19.3. |CM9j There exist e > 0, Ci, C 2 , C 3 > 1 so: J/Ec Br C R 3 
is an embedded minimal annulus with <9£ C &Br and iri(B e R flE) ^ 0. then there 
exists a simple closed geodesic 7 C X 0/ length I so that: 

• TTie curve 7 splits the connected component of Br/ Ci n £ containing it 
into two annuli £ + ,£~ eac/i wii/i J |A| 2 < 5 7r. 

• Furthermore, £ \'?C7 2 ^(7) are graphs with gradient < 1. 

• Finally, £log(R/£) < C^h where the separation h is given by 

(19.1) h = rain |ar+— ar_|. 

2 ± GaB H/Cl ns± 

Here T s (S) C £ denotes the intrinsic s-tubular neighborhood of a subset ScE. 

Part 4. Constructing minimal surfaces and applications 

Thus far, we have mainly dealt with regularity and a priori estimates but have 
ignored questions of existence. In this part we surveys some of the most useful exis- 
tence results for minimal surfaces and gives an application to Ricci flow. Scction l2*UI 
recalls the classical Wcicrstrass representation, including a few modern applications, 
and the Kapoulcas dcsingularization method. Section |^ deals with producing area 
minimizing surfaces (whether for fixed boundary, fixed homotopy class, etc.) and 
questions of embeddedness. The next section discusses unstable (hence not min- 
imizing) surfaces and the corresponding questions for geodesies, concentrating on 
whether the Morse index can be bounded uniformly. Section 1231 recalls the min- 
max construction for producing unstable minimal surfaces and, in particular, doing 
so while controlling the topology and guaranteeing embeddedness. Finally, Section 
1241 discusses a recent application of min-max surfaces to bound the extinction time 
for Ricci flow, answering a question of Perelman. 

20. The Weierstrass representation 

The classical Weierstrass representation (see |HoK| or |Osj ) takes holomorphic 
data (a Riemann surface, a meromorphic function, and a holomorphic one-form) 
and associates a minimal surface in R 3 . To be precise, given a Riemann surface ft, 
a meromorphic function g on Q, and a holomorphic one-form on Q, then we get 
a (branched) conformal minimal immersion F : ft ^ R 3 by 

(20.1) F(z) = Re (i(5- 1 (C)-3(C))^(ff- 1 (C)+.9(C)),l) <MC) ■ 

Here zo € £1 is a fixed base point and the integration is along a path "f Zo ,z from 
zo to z. The choice of zq changes F by adding a constant. In general, the map 
F may depend on the choice of path (and hence may not be well-defined); this is 
known as "the period problem" (see M. Weber and M. Wolf, |WeWo| . for the latest 
developments). However, when g has no zeros or poles and O is simply connected, 
then F(z) does not depend on the choice of path 7 ZOiZ . 

Two standard constructions of minimal surfaces from Weierstrass data are 

(20.2) g{z) = z, cf>(z) = dz/z, f2 = C \ {0} giving a catenoid, 

(20.3) g{z) = c lz , 4>(z) = dz, Q = C giving a helicoid . 

The Weierstrass representation is particularly useful for constructing immersed 
minimal surfaces. For example, in |Na| . Nadirashvili used it to construct a complete 
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immersed minimal surface in the unit ball in R 3 (see also j.TXaj for the case of a 
slab). In particular, Nadirashvili's surface is not proper, i.e., the intersections with 
compact sets are not necessarily compact. 

Typically, it is rather difficult to prove that the resulting immersion is an em- 
bedding (i.e., is 1-1), although there are some interesting cases where this can 
be done. The first modern example was |HoMe) where D. Hoffman and Meeks 
proved that the surface constructed by Costa was embedded; this was the first new 
complete finite topology properly embedded minimal surface discovered since the 
classical catenoid, helicoid, and plane. This led to the discovery of many more such 
surfaces (see |HoK) and |Ro) for more discussion). 

In |CM18j . we used the Weierstrass representation to construct a sequence 
of embedded minimal disks Sj C B\ = -Bi(O) C R 3 with dY,i c dB\ where the 
curvatures blow up only at and \ {23-axis} consists of two multi-valued graphs 
for each i. Furthermore, \ {13 = 0} converges to two embedded minimal disks 
£~ C {x'3 < 0} and S + C {x$ > 0} each of which spirals into {2:3 = 0} and thus 
is not proper. (This should be contrasted with Theorem 118.11 where the complete 
limits arc planes and hence proper.) 

N. Kapouleas has developed another method to construct complete embedded 
minimal surfaces with finite total curvature. For instance, in |Ka| . he shows that 
(most) collections of coaxial catenoids and planes can be desingularized to get 
complete embedded minimal surfaces with finite total curvature. The Costa surface 
above had genus one and three ends (that is to say, it is homeomorphic to a torus 
with three punctures). In the Kapouleas construction, one could start with a plane 
and catenoid intersecting in a circle and then dcsingularize this circle using suitably 
scaled and bent Scherk surfaces to get a finite genus embedded surface with three 
ends. (This dcsingularization process adds handles, i.e., increases the genus.) In 
this manner, Kapouleas gets an enormous number of new examples; see also the 
gluing construction of S.D. Yang, 0, which uses catenoid necks to glue together 
nearby minimal surfaces. 

21. Area minimizing surfaces 

Perhaps the most natural way to construct minimal surfaces is to look for ones 
which minimize area, e.g., with fixed boundary, or in a homotopy class, etc. This 
has the advantage that often it is possible to show that the resulting surface is 
embedded. We mention a few results along these lines. 

The first embeddedness result, due to Meeks and Yau, shows that if the bound- 
ary curve is embedded and lies on the boundary of a smooth mean convex set (and 
it is null-homotopic in this set), then it bounds an embedded least area disk. 

Theorem 21.1. |MeYal] Let M 3 be a compact Riemannian three-manifold 
whose boundary is mean convex and let 7 be a simple closed curve in DM which 
is null-homotopic in M ; then 7 is bounded by a least area disk and any such least 
area disk is properly embedded. 

Note that some restriction on the boundary curve 7 is certainly necessary. For 
instance, if the boundary curve was knotted (e.g., the trefoil), then it could not be 
spanned by any embedded disk (minimal or otherwise) . Prior to the work of Meeks 
and Yau, embeddedness was known for extremal boundary curves in R 3 with small 
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total curvature by the work of R. Gulliver and J. Spruck |GuSp| ; see chapter 4 in 
|CMlj for other results and further discussion. 

If we instead fix a homotopy class of maps, then the two fundamental existence 
results are due to Sacks-Uhlenbeck and Schoen-Yau (with embeddedncss proven 
by Meeks-Yau and Freedman-Hass-Scott, respectively): 

Theorem 21.2. |SaUh| . |MeYa2| Given M 3 , there exist conformal (stable) 
minimal immersions U\, . . . ,u m : S 2 — ► M which generate ^(Af) as a Z[tvi(M)] 
module. Furthermore, 

• If u : S 2 — > M and [u] V2 ^ 0, then Area(u) > min, Area(ui). 

• Each m is either an embedding or a 2-1 map onto an embedded 2-sided 

up 2 . 

Theorem 21.3. |ScYa2) . |FHS| If E 2 is a closed surface with genus g > 
and io : S — > A/ 3 is an embedding which induces an injective map on m , then there 
is a least area embedding with the same action on tti . 

In |MeSiYa| . Meeks, Simon, and Yau find an embedded sphere minimizing 
area in an isotopy class in a closed 3-manifold. 

We end this section by mentioning two applications of Theorem 12 1.31 First, in 
|CM20) , we showed that any topological 3-manifold M had an open set of metrics 
so that, for each such metric, there was a sequence of embedded minimal tori whose 
area went to infinity. In |De) . B. Dean showed that this was true for every genus 
g > 1. This leaves an obvious interesting question: 

Question 6. Given a topological 3-manifold M , does there exist an open set 
of metrics which have embedded minimal spheres with arbitrarily large area? 

It would be interesting to answer this question even when the minimal spheres 
are stable (the examples constructed in |CM20| and |De| were all locally minimiz- 
ing and hence also stable) 

22. Index bounds for geodesies and minimal surfaces 

The minimal surfaces discussed in the previous section were all stable and in 
fact locally area minimizing. This is a very special and strong property of a minimal 
surface. In general, like, for instance the helicoid and the catcnoid, most minimal 
surfaces are not stable but have non-zero index. In this section we will discuss 
the Morse index of simple closed geodesies on surfaces and of embedded minimal 
surfaces in 3-manifolds. First let us discuss the situation of simple closed geodesies 
in surfaces. 

Let M 2 be a closed orientable surface with curvature K and 7 C M a closed 
geodesic. The Morse index of 7 is the index of the critical point 7 for the length 
functional, i.e., the number of negative eigenvalues (counted with multiplicity) of 
the second derivative of length (throughout curves will always be in H 1 ). Since 
the second derivative of length at 7 in the direction of a normal variation u n is 
— f 11 L-y u where L 7 u = u" + K u, the Morse index is the number of negative 
eigenvalues of L 7 . (By convention, an eigenfunction <fi with eigenvalue A of L 7 is 
a solution of L 1 <\> + X(p = 0.) Note that if A = 0, then c\> (or <j>n) is a (normal) 
Jacobi field. 7 is stable if the index is zero. The index of a noncompact geodesic 
is the dimension of a maximal vector space of compactly supported variations for 
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which the second derivative of length is negative definite. We also say that such a 
geodesic is stable if the index is 0. 

As the following result shows then it turns out that in general there are no 
Morse index bounds for simple closed geodesies on surfaces. 

Theorem 22.1. jCHlj . On any M , there exists a metric with a geodesic 
lamination with infinitely many unstable leaves. Moreover, there is such a metric 
with simple closed geodesies of arbitrary high Morse index. 

A codimension one lamination on a surface M 2 is a collection C of smooth 
disjoint curves (called leaves) such that Ui^ci is closed. Moreover, for each x £ M 
there exists an open neighborhood U of x and a C° coordinate chart, (U, <J>), with 
<&([/) C R 2 so that in these coordinates the leaves in C pass through <!>(£/) in slices 
of the form (R x {t}) n $(£/)■ A foliation is a lamination for which the union of 
the leaves is all of M and a geodesic lamination is a lamination whose leaves are 
geodesies. 

Similarly, to the geodesic case, for an immersed minimal surface E in a 3- 
manifold M, we set Ls <f> = As <fi + \A\ 2 <j> + Ricm(ii, n) cj>. (Note that by the second 
variational formula (see, for instance, section 1.7 of |CM1| ). then 

(22.1) — Area(E r ) = - / <l>L s <f>, 

Or r=0 Js 

where E r = {x + r <fi(x) ns(cc) | x € E}.) Recall also that by definition the index of a 
minimal surface E is the number of negative eigenvalues (counted with multiplicity) 
of Zf£. (A function rj is an eigenfunction of is with eigenvalue A if Ls rj + Xrj = 0.) 
Thus in particular, since E is assumed to be closed, the index is always finite. 

Theorem l22.1l was proven by first constructing a metric on the disk with convex 
boundary having no Morse index bounds and then completing the metric to a metric 
on the given M 2 . By taking the product of this metric on the disk with a circle 
we get, on a solid torus, a metric with convex boundary and without Morse index 
bounds for embedded minimal tori, and with a minimal lamination with infinitely 
many unstable leaves. By completing this metric we get: 

Theorem 22.2. |CH2j On any M 3 , there exists a metric with a minimal 
lamination with infinitely many unstable leaves. Moreover, there is such a metric 
with embedded minimal tori of arbitrary high Morse index. 

By construction the embedded minimal tori in Theorem 122 . 21 and the leaves of 
the lamination can be taken to be totally geodesic. 

We will equip the space of metrics on a given manifold with the C°° -topology. 
A subset of the set of metrics on the manifold is said to be residual if it is a countable 
intersection of open dense subsets. A metric on a surface is bumpy if each closed 
geodesic is a nondegenerate critical point, i.e., L~ t u = implies u = 0. It follows 
from results of Abraham and Anosov that bumpy metrics are generic; that is the 
set of bumpy metrics contain a residual set. 

To check that any given metric is bumpy is virtually impossible; however it 
seems that the metric in Theorem 122 . II can be chosen to be bumpy. Thus it seems 
unlikely that a bumpy metric is enough to ensure a bound for the Morse index 
of simple closed geodesies on M 2 . What is needed is a nondegeneracy condition 
for noncompact simple geodesies, rather than one for closed geodesies; cf. |CH2j . 
[CH3] , 
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In [HaNoRuj examples were given of metrics on any M 3 that have embedded 
minimal spheres without bounds and in |CD2] the following was shown: For any 
3-manifold M 3 and any nonnegativc integer g, there arc examples of metrics on M 
each of which has a sequence of embedded minimal surfaces of genus g and without 
Morse index bounds. On any spherical space form S 3 /T |CD2j constructed such 
a metric with positive scalar curvature. More generally |CD2| constructed such a 
metric with Seal > (and such surfaces) on any 3-manifold which carries a metric 
with Seal > 0. In all but one of the examples in |CD2| the Hausdorff limit is 
a singular minimal lamination. The singularities being in each case exactly two 
points lying on a closed leaf (the leaf is a strictly stable sphere). 

|CD2j used in part ideas of Hass-Norbury- Rubinstein [HaNoRuj . As in 
[HaNoRu] , but unlike the examples in |CHlj , the surfaces in |CD2j have no uni- 
form curvature bounds. In fact, it follows easily (see appendix B of CM4 ) that 
if Ej C M 3 is a sequence of embedded minimal surfaces with uniformly bounded 
curvatures, then a subsequence converges to a smooth lamination. Moreover, with 
the right notion of being generic, the following seems likely (by |CH1| bumpy is 
not the right generic notion): 

Question 7. Let M 3 be a closed 3-manifold with a generic metric and S, C M 
a sequence of embedded minimal surfaces of a given genus. If any limit of the £j 's 
is a smooth (minimal) lamination, then the sequence has a uniform Morse index 
bound. 

A codimension one lamination of M 3 is a collection £ of smooth disjoint con- 
nected surfaces (called leaves) such that Ua^A is closed. Moreover, for each x G M 
there exists an open neighborhood U of x and a local coordinate chart, (U, $), with 
&(U) C R 3 such that in these coordinates the leaves in C pass through the chart 
in slices of the form (R 2 x {t}) (~l $(£/). 

A lamination is said to be minimal if the leaves are (smooth) minimal surfaces. 
If the union of the leaves is all of M, then it is a foliation. 

There are two results that support this question. The first concerns the cor- 
responding question in one dimension less (that is for geodesies on surfaces); see 
|CH2j . |CH3j . The second concerns the question for 3-manifolds with positive 
scalar curvature. However, there are examples where the limit is not smooth; see 
fCD2| . 

Finally, we refer to |CH2j and |CH3) for further discussion of Morse index 
bounds for geodesies including some positive results about when one has such 
bounds. 

23. The min max construction of minimal surfaces 

Variational arguments can also be used to construct higher index (i.e., non- 
minimizing) minimal surfaces using the topology of the space of surfaces. There 
are two basic approaches: 

• Applying Morse theory to the energy functional on the space of maps from 
a fixed surface £ to M. 

• Doing a min max argument over families of (topologically non-trivial) 
sweep-outs of M. 

The first approach has the advantage that the topological type of the minimal 
surface is easily fixed; however, the second approach has been more successful at 
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producing embedded minimal surfaces. We will highlight a few key results below 
but refer to |CDlj for a thorough treatment. 

Unfortunately, one cannot directly apply Morse theory to the energy functional 
on the space of maps from a fixed surface because of a lack of compactness (the 
Palais-Smale Condition C does not hold). To get around this difficulty, |SaUh| 
introduce a family of perturbed energy functionals which do satisfy Condition C and 
then obtain minimal surfaces as limits of critical points for the perturbed problems: 

Theorem 23.1. |SaUh| If ir k (M) ^ for some k > 1, then there exists a 
branched immersed minimal 2-sphere in M (for any metric). 

This was sharpened somewhat by |MiMo| (showing that the index of the min- 
imal sphere was at most k — 2), who used it to prove a generalization of the sphere 
theorem. See j.Toj and |St| for approaches which avoid using the perturbed func- 
tionals and |Frj for a generalization to a free boundary problem. 

The basic idea of constructing minimal surfaces via min-max arguments and 
sweep-outs goes back to Birkhoff, who developed it to construct simple closed 
geodesies on spheres. In particular, when M is a topological 2-sphcre, we can 
find a 1-parameter family of curves starting and ending at point curves so that 
the induced map F : S 2 — > S 2 (see fig. HUfl has nonzero degree. The min-max 
argument produces a nontrivial closed geodesic of length less than or equal to the 
longest curve in the initial one-parameter family. A curve shortening argument 
gives that the geodesic obtained in this way is simple. 




Figure 10. A 1-parameter family of 
curves on a 2-sphere which induces a 
map F : S 2 — > S 2 of degree 1. 

In |Pi) . J. Pitts applied a similar argument and geometric measure theory to 
get that every closed Riemannian three manifold has an embedded minimal surface 
(his argument was for dimensions up to seven), but he did not estimate the genus 
of the resulting surface. Finally, F. Smith (under the direction of L. Simon) proved 
(see EnU): 

THEOREM 23.2. |Sm) Every metric on a topological 3-sphere M admits an 
embedded minimal 2~sphere. 

The main new contribution of Smith was to control the topological type of the 
resulting minimal surface while keeping it embedded; see also Pitts and Rubinstein, 
[PiRuj . for some generalizations. 
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24. An application of min max surfaces to Ricci flow 

We will in this section give an application of the min-max construction of 
minimal surfaces to the Ricci flow. This application is that on S 3 starting at any 
given metric the Ricci flow becomes extinct in finite time. The treatment here 
follows jCM19j and was inspired by a question of Perelman; see |CM19| . |Pe3j . 
(See also paragraph 4.4 of |Pe2j for the precise definition of extinction time in the 
case that surgery occurs.) 

Throughout this section we let M 3 be the 3-sphere and let g(t) be a one- 
parameter family of metrics on M evolving by the Ricci flow, so 

(24.1) d t g=-2mc Mt - 

Since n^{M) = Z, it follows from suspension, as in lemma 3 of |MiMo) . that 
the space of maps from S 2 to M is not simply connected. 

Fix a continuous map [3 : [0,1] -» C° H L\{S 2 ,M) where [3(0) and (3{l) are 
constant maps so that (3 is in the nontrivial homotopy class [/?]. We define the 
width W = W(g, [/?]) by 

(24.2) Wig) = min max EncrgyMs)) . 

7 e[/3] «e[o,i] 

One could equivalently define the width using the area rather than the energy, 
but the energy is somewhat easier to work with. As for the Plateau problem, this 
equivalence follows using the uniformization theorem and the inequality Area(u) < 
Energy(u) (with equality when u is a branched conformal map); cf. lemma 4.12 in 

EMU 

The next theorem gives an upper bound for the derivative of W(g(t)) under 
the Ricci flow which forces the solution g(t) to become extinct in finite time. 

Theorem 24.1. / |CM19j and cf. |Pe3j ). Let M 3 be the 3-sphere equipped 
with a Riemannian metric g — g(0). Under the Ricci flow, the width W(g(t)) 
satisfies 

(24.3) j t W(g(t)) < -4tt + 3 + W(g(t)) , 

in the sense of the limsup of forward difference quotients. Hence, g{t) must become 
extinct in finite time. 

Suppose that S C M is a closed immersed surface (not necessarily minimal), 
then using (j24.1() an easy calculation gives (cf. page 38-41 of |Ha3] ) 

(24.4) i- Arca ff(t) (E) = — ( [R— Ric A/ (n, n)] . 
dtt=o MW J s 

If E is also minimal, then 

(24.5) ^ Area ff(t) (E) = -2 / K s - / [|A| 2 + Ric M (n, n)] 
dtt=o Jt, 

Kt-\ fu\ a +R]. 

Here Ks is the (intrinsic) curvature of E, n is a unit normal for E (our E's below will 
be S 2 's and hence have a well-defined unit normal), A is the second fundamental 
form of E so that \A\ 2 is the sum of the squares of the principal curvatures, RicM 
is the Ricci curvature of M, and R is the scalar curvature of M. (The curvature is 
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normalized so that on the unit S 3 the Ricci curvature is 2 and the scalar curvature 
is 6.) To get H24.5[) . we used that by the Gauss equations and minimality of £ 

(24.6) K E =K M -i|^| 2 , 

where Km is the sectional curvature of M on the two-plane tangent to S. 

Our first lemma gives an upper bound for the rate of change of area of minimal 
2-spheres. 

Lemma 24.2. // £ C M is a branched minimal immersion of the 2-sphere, 
then 

(24.7) ± Area g(t) (-E) < -4tt - mmi?(0 ) . 
v ; dtt=o 3W 2 m 

Proof. Let {pi] be the set of branch points of £ and 6, > the order of 
branching at Pi . By (|24.5|) 

(24.8) | t=fl Area g(t) (£) <-j^~\j^= ~** ~ ^ E ^ " \ / s R > 

where the equality used the Gauss-Bonnet theorem with branch points. □ 

We will need to recall a result of J. Jost, theorem 4.2.1 of |Jo| . which gives the 
existence of minimal spheres which realize the width W(g). (The bound for the 
index is not stated explicitly in j.Toj but follows immediately as in Mi Moj .l 

PROPOSITION 24.3. Given a metric g on M and a nontrivial [/?] <G tti(C° n 
L 2 (S 2 ,M)), there exists a sequence of sweep-outs 7 J : [0,1] — » C°nL 2 (S 2 ,M) with 
~f j G \f3] so that 

(24.9) W(g) = lim max Energy^) . 

j->ca sS[0,l] 

Furthermore, there exist Sj G [0, 1] and branched conformal minimal immersions 
wo, ... , u m : S 2 — > M with index at most one so that, as j — > oo, the maps 7^. 
converge to uo weakly in L\ and uniformly on compact subsets of S 2 \ {x\, . . . , Xk}, 
and 

m 

(24.10) W(g) = / Energyfui) = lim EnergyOyi.) . 

— ' 7—^00 3 

i=0 

Finally, for each i > 0, there exists a point Xk t and a sequence of conformal dilations 
Di j : S 2 — > S 2 about x^ so that the maps 7J. o Dij converge to U{. 

We will also need a standard additional property for the min-max sequence of 
sweep-outs 7^ of Proposition l24.3l which can be achieved by modifying the sequence 
as in section 4 of |CDlj (cf. proposition 4.1 on page 85 in |CD1| ). Loosely speaking 
this is the property that any subsequence 7* with energy converging to W(g) 
converges (after possibly going to a further subsequence) to the union of branched 
immersed minimal 2-spheres each with index at most one. Precisely this is that we 
can choose 7 J so that: Given e > 0, there exist J and 8 > (both depending on g 
and 7 J ) so that if j > J and 



(24.11) 



Energy^') > W(g) - 5 , 
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then there is a collection of branched minimal 2-spheres {S^} each of index at most 
one and with 

(24.12) dist(7»',U i E i )<e. 

Here, the distance means varifold distance (see, for instance, section 4 of |CD1| ). 
Below we will use that, as an immediate consequence of <|24.12[) . if F is a quadratic 
form on M and L denotes 7^, then 
(24.13) 



JjTr(F) - F(n r , n r )] - £ / M F ) - , n E ,)] 



< Ce||F|| c iArea(r). 



PROOF, (of Thcorcm l24.1|l Fix a time r. Below C denotes a constant depending 
only on r but will be allowed to change from line to line. Let "f J (r) be the sequence 
of sweep-outs for the metric <?(r) given by Proposition l24.3l We will use the sweep- 
out at time r as a comparison to get an upper bound for the width at times t > r. 
The key for this is the following claim (the first inequality in Ij24.14|l below): Given 
e > 0, there exist J and h > so that if j > J and < h < h, then 

Area 9 ( T+fc) (7^(r)) - max Encrgy ff(r) ( 7 f (r)) 

max s Energy (T) ( 7 J(r)) 
< [-4-7T + Ce — ^ mm i?(r)] h + C h z 



M 



(24.14) < [-47T + Ce+ - - max Energy^ (7^ (r))] h + C h 2 , 

where the second inequality used the lower bound l|7.3[l for R(t). To see why <|24.14[) 
implies <|24.3[1 . we use the definition of the width to get 

(24.15) W( 9 (t + h)) < max Area s(T+h) ( 7 f (r)) , 

s£[0,l] 

and then take the limit as j — > 00 (so that max s Energy s ( T )(7^(T)) — ► W(g(r))) in 
()24.14|l to get 

(24 . 16) w (3( r + „» - ^w) g _ 4j + e + _j_ wm) +6h 

Taking e — * in (|24.16|) gives J2H3J). It remains to prove l|24.14|l . First, let 5 > 
and J, depending on e (and on t), be given by (|24.11() - (|24.13|l . If j > J and 
Energy 9 ( T )(7^(r)) > W(g) — 5, then let U,S^j(r) be the collection of minimal 
spheres in i|24.13[) . Combining (|24^|l . I|24.13|) with F = Ric M , and Lemma M 
gives 

^^Area g(t) (7^(r)) < -^Area^UiE^tr)) + Ce ||Ric M ||ci Arca 3(t) ( 7 f (r)) 

,o„i^ / . max 8 Energy (t) (72 Cr)) 

(24.17) < -47T — mmi?(r) + Ce. 

2 M 

Since the metrics g(i) vary smoothly and every sweep-out 7-? has uniformly bounded 
energy, it is easy to see that Energy ff(T+fl )(7^ (t)) is a smooth function of h with 
a uniform C 2 bound independent of both j and s near h = (cf. 1|24.4[) ). In 
particular, (|24.17J) and Taylor expansion gives h > (independent of j) so that 
(|24.14|l holds for s with Energy g( - T -,(7^(r)) > W(g) — 5. In the remaining case, 
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we have Energy^ (t)) < W(g) — 5 so the continuity of g(t) implies that (|24. 14|) 
automatically holds after possibly shrinking h > 0. 

Finally, wc claim that l|24.3[) implies finite extinction time. Namely, rewriting 
mHHl as f t (W(g(t)) (t + C)-V 4 ) < -4tt (t + C)~ 3 / 4 and integrating gives 

(24.18) (T + C)- 3/4 W(g(T)) < C~ 3/4 W{g(0)) - 16tt \(T + C) 1/4 - C 1/4 . 

Since W > by definition and the right hand side of l|24.18|) would become negative 
for T sufficiently large, the theorem follows. □ 



Part 5. Growth of harmonic functions 

We next discuss some global results for harmonic functions and a few applica- 
tions of function theory. We will focus on the function theory of manifolds with 
non-negative Ricci curvature, with the exception of Section 1281 where we discuss 
two estimates related to nodal sets of eigenf unctions. 

Recall that the classical Liouville theorem states that any bounded (or even just 
positive) harmonic function is constant on Euclidean space. In fact, the Euclidean 
gradient estimate shows that a nonconstant harmonic function must grow at least 
linearly. Since the partial derivatives of a Euclidean harmonic function are again 
harmonic, iterating this gives that on Euclidean space any harmonic function of 
polynomial growth is a harmonic polynomial. In particular, the dimensions of 
these spaces are finite on Euclidean space. 

The picture gets quite a bit more complicated when we look at more general 
manifolds. For example, one can prescribe asymptotic values at infinity on hyper- 
bolic space (cf. |An3j h so that even the space of bounded harmonic functions is 
infinite dimensional in this case. 

However, |CM14) proved that each space of harmonic functions of polynomial 
growth is finite dimensional for manifolds with non-negative Ricci curvature. (This 
had been conjectured by S.T. Yau; see [Yalj . |Ya2j . The case of surfaces was settled 
in |LiTa2j .). An interesting feature of |CM14| was that only two properties were 
used: a volume doubling and a Neumann Poincare inequality, cf. 18.21 

Given an open manifold M and d > 0, we define the spaces of harmonic func- 
tions of polynomial growth of order at most d, H.d(M), using the distance function 
from a fixed point p: 

Definition 24.4. A function u is in Tid(M) if u is harmonic on M and 

(24.19) \u{x)\ < C(l + dist M b,x) d ), 

for some constant C and point p £ M. 

25. Harmonic functions and spherical harmonics 

It is worthwhile to recall the Euclidean case using polar coordinates (p,9), 
where 6 £ S fe_1 . In these coordinates, the Laplacian is 

(25.1) A R k = p~ 2 Ag + (fc — 1) J~ + ' 

In particular, the restriction of a homogeneous harmonic polynomial of degree d to 
gfc-i gj ves an eigenfunction with eigenvalue d 2 + (k — 2)d. It is then not hard to see 
that understanding Hd(R k ) is a spectral problem on the compact manifold S fc_1 . 
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A similar "cone construction" holds more generally. Given a manifold N k 1 , 
the cone over N is the manifold C(N) = N X [0, oo) with the metric 

(25.2) ds 2 c{N) = dr 2 + r 2 ds 2 N . 

Usually we identify N x {0} and refer to this point as the vertex. A direct com- 
putation shows that the Laplacians of N and C(N) are related by the following 
simple formula at (x,r) € N x (0,oo): 

d 2 

(25.3) A c{N) u = r- 2 A N u + (k - 1) r^—u + —u . 
Using 1)25. '6\ . we can now reinterpret the spaces TLd{C{N)): 

Lemma 25.1. If A N g = -Xg on N k ^ 1 , then r P g G H P (C(N)) where 

(25.4) p 2 + {k-2)p = X. 

As a consequence of Lemma 125.11 the spectral properties of N are equivalent 
to properties of harmonic functions of polynomial growth on C (N) . 

When N k ~ 1 is a submanifold of S n_1 C R™, the cone over N can be isometri- 
cally embedded in R™ as 

(25.5) C(N) = {x G R" | x/\x\ G N} . 

Note that C(N) is then invariant under dilations about the origin. We get the 
following simple lemma whose proof is left for the reader: 

Lemma 25.2. Suppose that iV fc_1 C S™ -1 . The following are equivalent: 

• N is minimal. 

• The Euclidean mean curvature of N C R™ is normal to S n_1 C R™. 

• The coordinate functions are eigenfunctions on N with eigenvalue k — 1 . 

• The cone C(N) is minimal. 

26. Manifolds with non negative Ricci curvature 

In |Ya3j . Yau extended the classical Liouville theorem to complete manifolds 
M with non-negative Ricci curvature: 

A positive (or bounded) harmonic function on M must be constant. 
In fact, by the gradient estimate of Cheng and Yau ("Theorem 18. 1|) . any harmonic 
function with sublinear growth must be constant: 

Corollary 26.1. |CgYa| If M is complete with Ric M > and d < 1, then 
Tid(M) = {Constant functions}. 

Since R n has non-negative Ricci curvature and the coordinate functions are 
harmonic, this is obviously sharp. Therefore, when d > 1 a different approach is 
needed. Namely, instead of showing a Liouville theorem, the point is to control the 
size of the space of solutions. Over the years, there were many interesting partial 
results (including two proofs when M is a surface with non-negative sectional cur- 
vature, |LiTa2j and [HF] l For example, in jLiTalj . Li and L.F. Tarn obtained 
the borderline case d = 1, showing that 

(26.1) dim(Wi(M)) <n+l, 

for an n-dimensional manifold with RicA/ > 0. This is similar in spirit to the clas- 
sical comparison theorems since dim(Wi(R")) = n + 1 (the n coordinate functions 
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plus the constant functions). This corresponding rigidity theorem was proven in 
[ChCMj (see jLij for the special case where M is Kahlcr): 

Theorem 26.2. jChCMj If M is complete with Ric M > 0, then every tangent 
cone at infinity splits isometrically as 

(26.2) Moo = iVx Rdim(H!(M))-l _ 

Hence, if dim(Hi(M)) — n + 1, then |Clj implies that M = R™. 

Finally, in |CM14j . the spaces of polynomial growth harmonic functions were 
shown to be finite dimensional: 

Theorem 26.3. |CM14j If M is complete with Ric M > 0, then Ttd(M) is 
finite dimensional for each d. 

The proof of Thcorcm l26. 31 consists of two independent steps (the first does not 
use harmonicity) : 

• Given a 2fc-dimensional subspace H C TLd{M) and h £ (0, 1], there exists 
a fc-dimensional subspace K C H and R > so that 

f v 2 

(26.3) sup B(1 r +h)2 " < Ci (1 + hf d . 

»'6A'\{0} J Br V 

• We bound the dimension of a subspace K of harmonic functions satisfying 
(|26.3(l in terms of h and d. 

To give some feel for the argument, we will sketch a proof of the second step. 

Proof. (Sketch of second step) For simplicity, suppose that R = 1 and h = 1. 
Fix a scale r £ (0, 1) to be chosen small. We will use two properties of manifolds 
with RicA/ > 0: 

First, we can find N < C n r~ n balls B r {xi) with 

(26.4) XBl < £ XB r (xi) — C n XB 2 i 

i 

where xe is the characteristic function of a set E. (To do this, choose a maximal 
disjoint collection of balls of radius r/2 and then use the volume comparison to get 
the second inequality in l|26.4|) and bound N .) 

Second, there is a uniform Neumann Poincare inequality: If J g , < / = 0, then 

(26.5) / f 2 <C N s 2 f |V/| 2 . 

JB,{x) JB s (x) 

To bound the dimension of K, we will construct a linear map M. : K — > R N 
and show that M is injective for r > sufficiently small. We define M. by 

(26.6) M(v) = ( I 

\JB r (x 1 ) JB r {x? 

We will deduce a contradiction if v £ K \ {0} is in the kernel of A4. In particular, 
(126. 5f) gives that for each i 

(26.7) / v 2 <C N r 2 f |Vw| 2 . 

JB r {xi) JB r (xi) 
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Combining this with Ij26.4|l gives 

(26.8) f v 2 <V f f 2 <CVr 2 V/ |Vv| 2 <C n C N r 2 [ |Vv| 2 . 

JBt j=1 J B r (xi) i=1 ifl r (i,) Jfi 2 

We now (for the only time) use that v is harmonic. Namely, the Caccioppoli 
inequality (or reverse Poincare inequality) for harmonic functions gives 

(26.9) f |Vv| 2 < I v 2 . 
Combining (f2TT%|t and $%rfy . we get 

(26.10) f v 2 < C n C N r 2 [ v 2 . 

J Bi J Bi 

This contradicts 1)26. 3|) if r is sufficiently small, completing the proof. □ 

On Euclidean space R", the spaces Tid are given by harmonic polynomials of 
degree at most d. In particular, it is not hard to see that 

(26.11) dim(W d (R n )) ss C d^ 1 . 

Using the correspondence between harmonic polynomials and eigenfunctions on 
S" _1 (see Lemma I25.1JI . this is closely related to Weyl's asymptotic formula on 
S™ -1 . In |CM15| . the authors proved a similar sharp polynomial bound for mani- 
folds with non-negative Ricci curvature: 

Theorem 26.4. |CM15| If M n is complete with Ric M > and d>l, then 

(26.12) dim(K d (M)) < C d n ~ x . 

Taking M = R", H26.11|) illustrates that the exponent n— 1 is sharp in (|26.12f> . 
However, as in Weyl's asymptotic formula, the constant in front of cf 1-1 can be 
related to the volume. Namely, we actually showed the stronger statement 

(26.13) dim(K d (M)) < C n V M d^ 1 + o{d n ^) , 
where 

• C n depends only on the dimension n. 

• Vm is the "asymptotic volume ratio" lim r ^oo Vol(B r )/r n . 

• o(d n ^ 1 ) is a function of d with lim^oo o(d n ~ 1 )/d n ~ 1 = 0. 

As noted above, Theorem l26.4l also gives lower bounds for eigenvalues on a manifold 
TV™^ 1 withRicAr > (n— 2) = Ric sn -i. Using the sharper estimate (|26.13|l introduces 
the volume of N into these eigenvalue estimates (as predicted by Weyl's asymptotic 
formula) . 

An interesting feature of these dimension estimates is that they follow from 
"rough" properties of M and are therefore surprisingly stable under perturbation. 
For instance, in |CM14| . we actually proved Theorem 126.31 for manifolds with 
a volume doubling and a Neumann Poincare inequality; unlike a Ricci curvature 
bound, these properties are stable under bi-Lipschitz transformations. 

This finite dimensionality was not previously known even for manifolds bi- 
Lipschitz to R™ (except under additional hypotheses, cf. results of Avellenada-Lin, 
jAvLnj . and Moser-Struwe, jMrStj ). 
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There are two particularly interesting directions which have not been ade- 
quately explored. The first is to develop machinery to produce harmonic functions 
of polynomial growth. 

Question 8. Suppose that M n has non-negative Ricci curvature and Euclidean 
volume growth. When can we produce harmonic functions of polynomial growth on 
M ? The most interesting would be to solve a "Dirichlet problem at infinity, " where 
polynomially growing harmonic functions on a tangent cone at infinity give rise to 
harmonic functions on M . In complete generality, this is likely to be rather delicate 
since these tangent cones need not be unique. 

The second direction is to get sharper dimension estimates for holomorphic 
functions of polynomial growth. 

Question 9. If M n is Kahler, then each holomorphic function is harmonic so 
Theorem \26.4\ bounds the dimension of the space of polynomial growth holomorphic 
functions by C d n ~~ 1 . However, on C™/ 2 , one get only C c?™/ 2 holomorphic functions 
of degree d. Does the sharper bound C d n l 2 hold? A stronger curvature condition 
may be necessary (cf. |Ni| for one such result). 

This is just a very brief overview (omitting many interesting results), but we 
hope that it gives something of the flavor of the subject; the interested reader may 
consult CM13 and references therein for more information. 

27. Minimal surfaces and a generalized Bernstein theorem 

We next describe a similar finite dimensionality result for minimal submanifolds 
and an application of this - a "generalized Bernstein theorem" - proven in |CM16j . 
Recall that the Bernstein theorem implies that, through dimension seven, area- 
minimizing hypcrsurfaccs arc affinc. A weaker form of this is true in all dimensions 
by the Allard regularity theorem |A1| : 

There exists S = S(k, n) > such that if E fc C R™ is a complete 

immersed minimal submanifold with 

Voi(s r n s) 

Vo\{B r c R k ) 
for all r, then £ is affinc. 
The generalized Bernstein theorem, which should perhaps be called a generalized 
Allard theorem instead, shows that any upper bound on the density gives a corre- 
sponding upper bound for the dimension of the smallest affinc subspace containing 
the minimal surface. 

The results of this section apply to a large class of generalized minimal sub- 
manifolds S fc C R": stationary rectifiable fc-varifolds with density at least 1 a.e. 
on the support. This includes the case of embedded minimal submanifolds and, for 
simplicity, we will focus on this case below. 

Theorem 27.1. |CM16j 7/E fc C R" has density bounded by Vs, then £ must 
be contained in an affine subspace of dimension at most Ck Vy, ■ 

Another way to think of Theorem l27.1l is that it bounds the number of linearly 
independent coordinate functions on £ in terms of its volume. The linear depen- 
dence on Vs in Theorem 127. II is sharp; namely, any bound of the form CfcV^ must 
have a > 1. 



(27-1) ^ P U, <(1 + ^) 
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For a submanifold E C R™, we will define the spaces of harmonic functions of 
polynomial growth using the extrinsic distance; it will be clear from the context 
which definition we are using. Namely, given S C R" and d > 0, we define the 
vector spaces 7id(S) of harmonic functions of polynomial growth by: 

Definition 27.2. A function u is in 7ic;(E) if u is harmonic on E and 

(27.2) \u{x)\ < C(l + \x\ d ) , 

for some C. Thus, the coordinate functions Xi are in 7< 1 (S). 

Since the coordinate functions are harmonic on S (cf. Proposition ^. 1(1 . Theo- 
rcm !27. ll follows from a bound for the dimensions of the spaces of harmonic functions 
on E of polynomial growth: 

Theorem 27.3. |CM16j Let E fe C R" have density bounded by Vs. For any 

d>l, 

(27.3) dimH d (E) < C k V^d^ 1 . 

(The spectral properties of spherical minimal submanifolds have been studied in 
their own right; see, for instance, Cheng-Li- Yau |CgLiYa| or Choi- Wang |CiWaj .) 



27.1. Other applications of function theory. We have just seen an appli- 
cation of function theory to describe the geometry of the underlying space (in this 
case, a bound on the dimension of the space of linear growth harmonic functions 
controlled the complexity of the minimal submanifold). Another example is the 
Bochncr technique and resulting topological restrictions of curvature. There are 
many other examples and, indeed, often these sorts of applications motivate devel- 
opments in function theory This is perhaps most evident in (one variable) complex 
analysis, where function theory has played a major role. 

Function theory has also played an important role in the theory of quasi-regular 
maps, see [Sj. Recall that a map F : R' 1 — > R™ is if-quasi-regular if F and dF 
are in L n and at almost every point we have 

(27.4) \dF\ < K det(dF) . 

For instance, M. Bonk and J. Hcinoncn used function theoretic arguments to prove: 

Theorem 27.4. |BoHj| If M is a compact n-dimensional manifold and F : 
R™ — > M is a (non-trivial) K -quasi-regular map, then the dimension of the de 
Rham cohomology ring of M is at most C = C(n,K). 

Finally, we note that in the theory of quasi-regular maps, the most natural 
functions to study are no longer the harmonic ones. Rather, one is interested in 
A harmonic functions, i.e., functions u satisfying 

(27.5) div (A{Vu)) = , 

where A is a nonlinear map on the tangent space satisfying several natural condi- 
tions (e.g., taking A(x) = |a;| p_2 x gives the so-called p-Laplacian) . 
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28. Volumes for eigensections 

Let M n be a closed n-dimcnsional Ricmannian manifold and V a vector bundle 
over M. Suppose that {fi} is an L 2 -orthonormal set of eigensections of V of the 
Laplacian with eigenvalues A^ (where = Ao < Ai < A2 < • • • ), that is 

(28.1) / fi fj = 5 itj and A /, + A, /, = . 

J M 

Given a = (ai, ■ • • , ai) € S I_1 , we define a function F?{e) by 

i 

(28.2) F?(e) = Vol({x G M | | £ a, f^x)] < e}) . 

i=i 

Set Fi(e) = F? i (e) where = (Sij)j and define F^(e) by averaging F?(e) over 

(28.3) ^ A (e) = / ^ Q ( £ ). 

In this section we will discuss the answer to the following question of S.T. Yau: 

Let M n be closed and V = Q}(M) the bundle of one forms on 
AI. Then lim sup^^ Fi (e) and lim inf i_ »oo Fi (e) are interesting 
functions of e. Are they positive? Can one estimate the behavior 
of e~™ liminf^oo Fi(e) as e — > 0? The problem may be easier if 
we replace -Fi(e) by F^(e). We can of course consider problems for 
p- forms with p > 1. 

It turns out that on a flat square torus liminf^oo Fi — on fl 1 . However as 
the next theorem shows then for eigenfunctions on any manifold Fi is positive. We 
will also see below in Theorem 128 . 21 that the average F/ 4 for p-forms is positive and 
we give a sharp lower bound. 

Theorem 28.1. jCM23j Let M" be closed with 

(28.4) Ric M > ~(n - 1) . 

There exists C = C(n) > and A = A(n) > such that if f is a eigenfunction of 
A on M with eigenvalue A > A and < e < 1, then 

(28.5) Vol fix G M| \f\ 2 < e 2 j |/| 2 |^ > Ce" Vo/(M) . 

It is possible to generalize Theorem 128.11 to the case where M is assumed to 
have the doubling property and satisfy the Neumann Poincare inequality for r < 1. 
In this case, however, the exponent in e may not be n but rather will depend on 
the doubling constant Cd and the constant C p in the Poincare inequality. 

In contrast to Fi for eigenforms, then the next theorem shows that the average 
-F/ 4 has always a positive lower bound. 

Theorem 28.2. jCM23j There exists C = C(q) so that if M n is closed and V q 
is a rank q vector bundle over M with Laplace-type operator Ay, then for < e < 1 
and i > q 

(28.6) Ff-(e) > C e q [ Vol (M )] 1+9/2 . 
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In contrast to eigenfunctions, -Fi(e) need not be positive for eigenforms: 
Let T 2 be a fiat square torus with side lengths 2 7r and define one forms by 

(28.7) <r m = cos(mxi) dx\ + sin(mcci) dxi , 
then for all m 

(28.8) {x G T 2 | \a m \ < 1} = and hence liminf fj(e) = for e < 1/(4tt 2 ) . 

i — >oo 

References 

[Al] W. Allard, On the first variation of a varifold, Ann. of Math. (2) 95 (1972) 417-491. 
[Ami] F. J. Almgren, Jr., Some interior regularity theorems for minimal surfaces and an exten- 
sion of Bernstein's theorem, Ann. of Math. (2) 84 (1966) 277-292. 
[Am2] F. J. Almgren, Jr., Q-valued functions minimizing Dirichlet's integral and the regularity 

of area minimizing rectifiable currents up to codimension two, preprint. 
[Anl] M. T. Anderson, Ricci curvature bounds and Einstein metrics on compact manifolds, J. 

Amer. Math. Soc. 2 (1989) 455-490. 
[An2] M. T. Anderson, Convergence and rigidity of manifolds under Ricci curvature bounds, 

Invent. Math. 102 (1990) 429-445. 
[An3] M. T. Anderson, The Dirichlet problem at infinity for manifolds of negative curvature, J. 

Diff. Geom. 18 (1983) 701-721. 
[AvLn] M. Avellanada and F.H. Lin, Un theoreme de Liouville pour des equations elliptiques a 

coefficients periodiques, C. R. Acad. Sci. Paris 309 (1989) 245-250. 
[Be] S. Bernstein, Uber ein geometrisches Theorem und seine Anwendung auf die partiellen Dif- 

ferentialgleichungen vom ellipschen Typos. Math. Zeit. 26 (1927) 551-558 (translation of the 

original version in Comm. Soc. Math. Kharkov 2-eme ser. 15 (1915-17) 38—45). 
[Ber] L. Bers, Isolated singularities of minimal surfaces, Ann. of Math. (2) 53 (1951) 364—386. 
[BDGG] E. Bombieri, E. De Giorgi, and E. Giusti, Minimal cones and the Bernstein problem, 

Invent. Math. 7 (1969) 243-268. 
[BDM] E. Bombieri, E. De Giorgi, and M. Miranda, Una maggiorazione a priori relativa alia 

ipersuperfici minimali non parametriche, Arch. Rational Mech. Anal., 32 (1969) 255-267. 
[Be] S. Bochner, Curvature and Betti numbers, I, Ann. of Math. (2) 49 (1948) 379-390. 
[BoHj] M. Bonk and J. Heinonen, Quasi-regular maps and cohomology, Acta Math. 86 (2001) 

219-238. 

[Bu] P. Buser, A note on the isoperimetric constant, Ann. Scient. Ec. Norm. 15 (1982) 213—230. 
[Ca] E. Calabi, An extension of E. Hopf's maximum principle with an application to Riemannian 

geometry, Duke Math. Jour. 25 (1958) 45-56. 
[ChCl] J. Cheeger and T.H. Colding, On the Structure of Spaces with Ricci Curvature Bounded 

Below; I, J. Diff. Geom. 46 (1997) 406-480. 
[ChC2] J. Cheeger and T.H. Colding, On the structure of spaces with Ricci curvature bounded 

below. II, J. Differential Geom. 54 (2000), no. 1, 13-35. 
[ChC3] J. Cheeger and T.H. Colding, On the structure of spaces with Ricci curvature bounded 

below. Ill, J. Differential Geom. 54 (2000), no. 1, 37-74. 
[ChC4] J. Cheeger and T.H. Colding, Lower bounds on Ricci curvature and the almost rigidity 

of warped products. Ann. of Math. (2) 144 (1996), no. 1, 189-237. 
[ChCM] J. Cheeger, T.H. Colding, and W.P. Minicozzi II, Linear growth harmonic functions on 

complete manifolds with nonnegative Ricci curvature, Geom. Funct. Anal. 5 (1995), no. 6, 

948-954. 

[ChCTi] J. Cheeger, T.H. Colding, and G. Tian, On the singularities of spaces with bounded Ricci 
curvature, Geom. Funct. Anal. 12 (2002), no. 5, 873-914. 

[CgLiYa] S.Y. Cheng, P. Li, and S.T. Yau, Heat equations on minimal submanifolds and their 
applications, Amer. J. Math. 106 (1984) 1033-1065. 

[CgYa] S.Y. Cheng and S.T. Yau, Differential equations on Riemannian manifolds and their 
geometric applications, Comm. Pure Appl. Math. 28 (1975) 333—354. 

[CiSc] H.I. Choi and R. Schoen, The space of minimal embeddings of a surface into a three- 
dimensional manifold of positive Ricci curvature, Invent. Math. 81 (1985) 387—394. 

[CiWa] H.I. Choi and A.N. Wang, A first eigenvalue estimate for minimal hypersurfaces, J. Dif- 
ferential Geom. 18 (1983) 559-562. 



58 



TOBIAS H. COLDING AND WILLIAM P. MINICOZZI II 



[CI] T.H. Colding, Ricci curvature and volume convergence. Ann. of Math. (2) 145 (1997), no. 3, 
477-501. 

[C2] T.H. Colding, Spaces with Ricci curvature bounds. Proceedings of the International Congress 

of Mathematicians, Vol. II (Berlin, 1998). Doc. Math. 1998, Extra Vol. II, 299-308. 
[CD1] T.H. Colding and C. De Lellis, The min-max construction of minimal surfaces, Surveys 

in differential geometry, Vol. 8, Lectures on Geometry and Topology held in honor of Calabi, 

Lawson, Siu, and Uhlenbeck at Harvard University, May 3-5, 2002, Sponsored by the Journal 

of Differential Geometry, (2003) 75-107, |math.AP/ 0303305 
[CD2] T.H. Colding and C. De Lellis, Singular limit laminations, Morse index, and positive scalar 

curvature, |math.DG/0208100| 
[CHI] T.H. Colding and N. Hingston, Metrics without Morse index bounds, Duke Math. Jour., 

vol. 119, issue 2. (2003) 345-365. 
[CH2] T.H. Colding and N. Hingston, Geodesic laminations with closed ends on surfaces and 

Morse index; Kupka-Smale metrics, |math.DG/0208133| 
[CH3] T.H. Colding and N. Hingston, in preparation. 

[CM1] T.H. Colding and W.P. Minicozzi II, Minimal surfaces, Courant Lecture Notes in Math., 
v. 4, 1999. 

[CM2] T.H. Colding and W.P. Minicozzi II, Estimates for parametric elliptic integrands, Inter- 
national Mathematics Research Notices, no. 6 (2002) 291-297. 

[CM3] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces of fixed 
genus in a 3-manifold I; Estimates off the axis for disks, Ann. of Math., to appear, 
|math.AP/0210106| 

[CM4] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces affixed genus 
in a 3-manifold II; Multi-valued graphs in disks, Ann. of Math., to appear, math.AP/0210086 

[CM5] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces of fixed 
genus in a 3-manifold III; Planar domains, math.AP/0210141 

[CM6] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces of fixed 
genus in a 3-manifold IV; Locally simply connected, math.AP/0210119 

[CM7] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces of fixed 
genus in a 3-manifold V; Fixed genus, in preparation. 

[CMS] T.H. Colding and W.P. Minicozzi II, Multi-valued minimal graphs and properness of disks, 
International Mathematics Research Notices, no. 21 (2002) 1111-1127. 

[CM9] T.H. Colding and W.P. Minicozzi II, On the structure of embedded minimal annuli, Inter- 
national Mathematics Research Notices, no. 29 (2002) 1539-1552. 

[CM10] T.H. Colding and W.P. Minicozzi II, Minimal annuli with and without slits, Jour, of 
Symplectic Geometry, vol. 1, issue 1 (2001) 47-61. 

[CM11] T.H. Colding and W.P. Minicozzi II, Harmonic functions with polynomial growth, J. Diff. 
Gcom., v. 46, no. 1 (1997) 1-77. 

[CM12] T.H. Colding and W.P. Minicozzi II, Sharp estimates for mean curvature flow of graphs, 
|math.AP/0305099| 

[CM13] T.H. Colding and W.P. Minicozzi II, Generalized Liouville properties of manifolds, Math. 

Res. Lett., 3 (1996) 723-729. 
[CM14] T.H. Colding and W.P. Minicozzi II, Harmonic functions on manifolds, Ann. of Math. 

(2), 146, no. 3 (1997) 725-747. 
[CM15] T.H. Colding and W.P. Minicozzi II, Weyl type bounds for harmonic functions, Inven- 

tioncs Math., 131 (1998) 257-298. 
[CM16] T.H. Colding and W.P. Minicozzi II, Liouville theorems for harmonic sections and ap- 
plications, Comm. Pure Appl. Math., 52 (1998) 113-138. 
[CM17] T.H. Colding and W.P. Minicozzi II, Disks that are double spiral staircases, Notices of 

the AMS, Vol. 50, no. 3, March (2003) 327-339. 
[CM18] T.H. Colding and W.P. Minicozzi II, Embedded minimal disks: Proper versus nonproper 

- global versus local, Transactions of the AMS, to appear. math.DG/0210328 
[CM19] T.H. Colding and W.P. Minicozzi II, Estimates for the extinction time for the Ricci flow 

on certain 3-manifolds and a guestion of Perelman, math.AP/0308090 
[CM20] T.H. Colding and W.P. Minicozzi II, Examples of embedded minimal tori without area 

bounds, International Mathematics Research Notices, 99 no. 20 (1999) 1097-1100. 
[CM21] T.H. Colding and W.P. Minicozzi II, Complete properly embedded minimal surfaces in 

R 3 , Duke Math. J. 107 (2001) 421-426. 



AN EXCURSION INTO GEOMETRIC ANALYSIS 



V.) 



[CM22] T.H. Colding and W.P. Minicozzi II, Embedded minimal disks, The Proceedings of the 
Clay Mathematics Institute Summer School on the Global Theory of Minimal Surfaces, MSRI, 
|math.DG/0206146| 

[CM23] T.H. Colding and W.P. Minicozzi II, Volumes for eigensections, Geom. Ded., to appear. 
[Co] P. Collin, Topologie et courbure des surfaces minimales proprement plonges de R. 3 , Ann. of 

Math. (2) 145 (1997) 1-31. 
[DaKeTo] G. David, C. Kenig, and T. Toro, Asymptotically optimally doubling measures and 

Reifenberg flat sets with vanishing constant. Comm. Pure Appl. Math. 54 (2001), no. 4, 385- 

449. 

[DaSe] G. David and S. Semmes, Uniform rectifiability and quasiminimizing sets of arbitrary 

codimension, Mem. Amer. Math. Soc. 144 (2000), no. 687. 
[DaTo] G. David, and T. Toro, Reifenberg fiat metric spaces, snowballs, and embeddings. Math. 

Ann. 315 (1999), no. 4, 641-710. 
[DG] E. De Giorgi, Frontiere orientate di misura minima, Sem. Mat. Scuola Norm. Sup. Pisa 

(1961) 1-56. 

[De] B. Dean, Compact Embedded Minimal Surfaces of Positive Genus Without Area Bounds, 
Geom. Ded., to appear, math.DG/0308215 

[DF] H. Donnelly and C. Fefferman, Nodal domains and growth of harmonic functions on non- 
compact manifolds, J. Geom. Anal. 2 (1992) 79-93. 

[Do] R.T. Dong, Nodal sets of eigenf unctions on Riemann surfaces, J. Diff. Geom., 36 (1992) 
493-506. 

[El] K. Ecker, Lectures on regularity for mean curvature flow, preprint. 

[E2] K. Ecker, A local monotonicity formula for mean curvature flow, Ann. of Math. (2), 154 
(2001) 503-525. 

[EH1] K. Ecker and G. Huisken, Mean curvature evolution of entire graphs, Ann. of Math. (2), 
130 (1989) 453-471. 

[EH2] K. Ecker and G. Huisken, Interior estimates for hypersurfaces moving by mean curvature, 

Invent. Math., 105 (1991) 547-569. 
[EvSp] L.C. Evans and J. Spruck, Motion of level sets by mean curvature I, J. Diff. Geom., 33 

(1991) 635-681. 

[Fe] H. Federer, Geometric measure theory, Springer- Vcrlag, Berlin-Hcidelberg-Ncw York, 1969. 
[Fi] R. Finn, On equations of minimal surface type, Ann. of Math. (2), 60 (1954) 397-416. 
[FHS] M.H. Freedman, J. Hass, and P. Scott, Least area incompressible surfaces in ^-manifolds, 

Invent. Math. 71 (1983), no. 3, 609-642. 
[Fr] A. Fraser, On the free boundary variational problem for minimal disks, Comm. Pure Appl. 

Math. 53 (2000) 931-971. 
[Ga] S. Gallot, Volumes, courbure de Ricci et convergence des varits (d'aprs T. H. Colding et 

Cheeger-Colding). Sminaire Bourbaki. Vol. 1997/98. Astrisque No. 252, (1998), Exp. No. 835, 

3, 7-32. 

[GiTr] D. Gilbarg and N. Trudingcr, Elliptic Partial Differential Equations of Second Order, 

Springer Verlag, 2nd Ed., (1983). 
[Gr] A. Grigor'yan, The heat equation on noncompact Riemannian manifolds, English translation 

in Math. USSR Sb. 72 (1) (1992) 47-77. 
[G] M. Gromov, Metric structures for Riemannian and non- Riemannian spaces (With appen- 
dices by M. Katz, P. Pansu and S. Semmes) Progress in Mathematics, 152. Birkhuser Boston, 

Inc., Boston, MA (1999). 
[GLPa] M. Gromov, J. Lafontaine, and P. Pansu, Structures metriques pour les varietes rieman- 

niennes, Cedid/Fernand Nathan, Paris (1981). 
[GuSp] R. Gulliver and J. Spruck, On embedded minimal surfaces, Ann. of Math. (2) 103 (1976) 

331-347; Ann. of Math. (2) 109 (1979) 407-412. 
[HzKo] P. Hajlasz and P. Koskela, Sobolev meets Poincare, C. R. Acad. Sci. Paris S. I Math. 320 

(1995), no. 10, 1211-1215. 
[HnLn] Q. Han and F.H. Lin, Elliptic Partial Differential Equations, Courant Lecture Notes in 

Math., v. 1, 1997. 

[Hal] R. Hamilton, A matrix Harnack estimate for the heat equation, Comm. Anal. Geom., 1 
(1993) 113-126. 

[Ha2] R. Hamilton, Three-manifolds with positive Ricci curvature, J. Diff. Geom. 17 (1982) 255- 
306. 



(ill 



TOBIAS H. COLDING AND WILLIAM P. MINICOZZI II 



[Ha3] Ft. Hamilton, The formation of singularities in the Ricci flow, Surveys in differential geom- 
etry, Vol. II (Cambridge, MA, 1993), International Press, Cambridge, MA, 1995, 7-136. 

[HaNoRu] J. Hass, P. Norbury, and J.H. Rubinstein, Minimal spheres of arbitrary high Morse 
index, Comm. Anal. Geometry, to appear. 

[Hj] J. Hcinoncn, Lectures on analysis on metric spaces, Springer- Verlag (2001). 

[He] E. Heinz, Uber die Losungen der Minimalfldchengleichung, Nachr. Akad. Wiss. Gottingcn 
Math.-Phys. Kl, II (1952) 51-56. 

[HoK] D. Hoffman and H. Karcher, Complete embedded minimal surfaces with finite total cur- 
vature, Geometry V (R. Osserman, ed.) Encyclopaedia Math. Sci. 90, Springer- Verlag, New 
York (1997) 5-93. 

[HoMc] D. Hoffman and W. Meeks III, A complete embedded minimal surface in R. 3 with genus 
one and three ends, J. Diff. Gcom. 21 (1985) 109-127. 

[H] G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Diff. Gcom., 
31 (1990) 285-299. 

[I] T. Ilmanen, Elliptic regularization and partial regularity for motion by mean curvature, Mem. 
Amcr. Math. Soc. 108 (1994), no. 520. 

[Je] D. Jerison, The Poincare inequality for vector fields satisfying Hormander's condition, Duke 

Math. J. 53 (1986) 503-523. 
[JXa] L. Jorge and F. Xavier, A complete minimal surface in R 3 between two parallel planes, 

Ann. of Math. (2) 112 (1980) 203-206. 
[Jo] J. Jost, Two-dimensional geometric variational problems, J. Wiley and Sons, Chichester, 

N.Y. (1991). 

[Ka] N. Kapouleas, Complete embedded minimal surfaces of finite total curvature, J. Diff. Geom., 
47 (1997) 95-169. 

[K] N. Korevaar, An easy proof of the interior gradient bound for solutions to the prescribed 
mean curvature equation, Nonlinear functional analysis and its applications, Part 2, Proc. of 
Symposia in Pure Math. 45 (1986) 81-89. 

[Li] P. Li, Linear growth harmonic functions on Kahler manifolds with non-negative Ricci cur- 
vature, Math. Res. Lett. 2 (1995) 79-94. 

[LiTal] P. Li and L.F. Tarn, Linear growth harmonic functions on a complete manifold, J. Diff. 
Geom. 29 (1989) 421-425. 

[LiTa2] P. Li and L.F. Tarn, Complete surfaces with finite total curvature, J. Diff. Geom. 33 (1991) 
139-168. 

[LiYa] P. Li and S.T. Yau, On the parabolic kernel of the Schrddinger operator, Acta Math. 156 
(1986) 153-201. 

[Lc] A. Lichnerowicz, Geometrie des Croupes des Transformationes, Dunod, Paris (1958). 

[Ln] F.H. Lin, Gradient estimates and blow-up analysis for stationary harmonic maps, Ann. of 

Math. (2) 149 (1999), no. 3, 785-829. 
[Me] W. Meeks III, The regularity of the singular set in the Colding and Minicozzi lamination 

theorem, Duke Math. Jour., to appear. 
[MePRsl] W. Meeks III, J. Perez, and A. Ros, The geometry of minimal surfaces of finite genus 

I; Curvature estimates and quasiperiodicity, preprint. 
[McPRs2] W. Meeks III, J. Perez, and A. Ros, The geometry of minimal surfaces of finite genus 

II; Nonexistence of one limit end examples, preprint. 
[MePRs3] W. Meeks III, J. Perez, and A. Ros, The geometry of minimal surfaces of finite genus 

III; bounds on the topology and index of classical minimal surfaces, preprint. 
[McRo] W. Meeks III and H. Rosenberg, The uniqueness of the helicoid and the asymptotic 

geometry of properly embedded minimal surfaces with finite topology, preprint. 
[MeSiYa] W. Meeks III, L. Simon, and S.T. Yau, Embedded minimal surfaces, exotic spheres and 

manifolds with positive Ricci curvature, Ann. of Math. (2) 116 (1982) 621-659. 
[McYal] W. Meeks III and S.T. Yau, The classical Plateau problem and the topology of three 

dimensional manifolds, Topology 21 (1982) 409-442. 
[MeYa2] W.H. Meeks and S.T. Yau, Topology of three-dimensional manifolds and the embedding 

problems in minimal surface theory, Ann. of Math. (2) 112 (1980), no. 3, 441-484. 
[MiMo] M.J. Micallef and J.D. Moore, Minimal two-spheres and the topology of manifolds with 

positive curvature on totally isotropic two-planes, Ann. of Math. (2) 127 (1988) no. 1 199—227. 
[MrSt] J. Moser and M. Struwe, On a Liouville-type theorem for linear and nonlinear elliptic 

differential equations on a torus, Bol. Soc. Bra. Mat. 23 (1992) 1—20. 



AN EXCURSION INTO GEOMETRIC ANALYSIS 



61 



[Na] N. Nadirashvili, Hadamard's and Calabi-Yau's conjectures on negatively curved and minimal 

surfaces, Invent. Math. 126 (1996) 457-465. 
[Ni] L. Ni, A monotonicity formula on complete Kdhler manifolds with nonnegative bisectional 

curvature math, DG/0307275. 
[Ob] M. Obata, Certain conditions for a Riemannian manifold to be isometric to a sphere, J. 

Math. Soc. Japan 14 (1960) 333-340. 
[Os] R. Osscrman, A survey of minimal surfaces, Dover, 2nd. edition (1986). 

[Pel] G. Perelman, The entropy formula for the Ricci flow and its geometric applications, 
|math.DG/0211159| 

[Pc2] G. Perelman, Ricci flow with surgery on three-manifolds, |math.DG/0303109| 

[Pe3] G. Perelman, Finite extinction time for the solutions to the Ricci flow on certain three- 
manifolds, |math.DG/0307245| 

[Pe4] G. Perelman, A complete Riemannian manifold of positive Ricci curvature with Euclidean 
volume growth and nonunique asymptotic cone. Comparison geometry (Berkeley, CA, 1993- 
94), 165-166, Math. Sci. Res. Inst. Publ., 30, Cambridge Univ. Press, Cambridge, 1997. 

[Pi] J.T. Pitts, Existence and regularity of minimal surfaces on Riemannian manifolds, Princeton 
University Press, Princeton, N.J.; University of Tokyo Press, Tokyo (1981). 

[PiRu] J.T. Pitts and J.H. Rubinstein, Applications of minmax to minimal surfaces and the 
topology of 3-manifolds, Miniconference on geometry and partial differential equations, Pro- 
ceedings of the CMA, Australia National University (1986). 

[Pr] P. Price, A monotonicity formula for Yang-Mills fields. Manuscripta Math, 43 (1983), no. 
2-3, 131-166. 

[Re] E.R. Reifenberg, Solution of the Plateau Problem for m-dimensional surfaces of varying 

topological type. Acta Math. 104 1960 1-92. 
[Ro] H. Rosenberg, Some recent developments in the theory of properly embedded minimal surfaces 

in R 3 , Seminare Bourbaki 1991/92, Asterisque No. 206 (1992) 463-535. 
[SaUh] J. Sacks and K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Ann. of 

Math. (2) 113 (1981) no. 1, 1-24. 
[SC] L. Saloff-Coste, Uniformly elliptic operators on Riemannian manifolds, J. Diff. Geom. 36 

(1992) 417-450. 

[Scl] R. Schoen, Estimates for stable minimal surfaces in three-dimensional manifolds, In Sem- 
inar on Minimal Submanifolds, Ann. of Math. Studies, vol. 103, Princeton University Press, 
Princeton, N.J., (1983) 111-126. 

[Sc2] R. Schoen, Analytic aspects of the harmonic map problem, MSRI publ. 2, Springer, New 
York-Berlin, (1984) 321-358. 

[ScSi] R. Schoen and L. Simon, Regularity of simply connected surfaces with quasi- conformal 
Gauss map, In Seminar on Minimal Submanifolds, Annals of Math. Studies, vol. 103, Prince- 
ton University Press, Princeton, N.J., (1983) 127-145. 

[ScSiYa] R. Schoen, L. Simon, and S.T. Yau, Curvature estimates for minimal hyper surf aces, 
Acta Math. 134 (1975) 275-288. 

[ScUh] R. Schoen and K. Uhlenbeck, A regularity theory for harmonic maps, J. Diff. Geom. 17 
(1982) 307-335. 

[ScYal] R. Schoen and S.T. Yau, Lectures on differential geometry, International Press 1994. 
[ScYa2] R. Schoen and S.T. Yau, Existence of incompressible minimal surfaces and the topology of 

three dimensional manifolds with nonnegative scalar curvature, Ann. of Math. (2) 110 (1979) 

127-142. 

[Se] S. Semmes, Chord-arc surfaces with small constant II: Good parameterizations, Adv. Math. 
88 (1991) 170-199. 

[Sil] L. Simon, Asymptotic behaviour of minimal graphs over exterior domains, Ann. Inst. H. 

Poincar Anal. Non Linaire 4 (1987) 231-242. 
[Si2] L. Simon, Remarks on curvature estimates for minimal hypersurfaces, Duke Math. J. 43 

(1976) 545-553. 

[Si3] L. Simon, Singularities of Geometric Variational Problems, In Nonlinear Partial Differential 
Equations in Differential Geometry (R. Hardt and M. Wolf, Ed.), American Mathematical 
Society, Providence (1996) 185-223. 

[Sim] J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math. (2) 88 (1968) 62-105. 

[Sm] F. Smith, On the existence of embedded minimal 2-spheres in the 3-sphere, endowed with 
an arbitrary Riemannian metric, supervisor L. Simon, University of Melbourne (1982). 



62 



TOBIAS H. COLDING AND WILLIAM P. MINICOZZI II 



[St] M. Struwe, Geometric evolution problems, In Nonlinear Partial Differential Equations in Dif- 
ferential Geometry (R. Hardt and M. Wolf, Ed.), American Mathematical Society, Providence 
(1996) 259-339. 

[To] T. Toro, Geometric conditions and existence of bi-Lipschitz parameterizations. Duke Math. 

J. 77 (1995), no. 1, 193-227. 
[Tr] M. Traizet, Adding handles to Riemann's minimal surfaces, J. Inst. Math. Jussieu 1 (2002) 

145-174. 

[WeWo] M. Weber and M. Wolf, Teichmuller theory and handle addition for minimal surfaces, 

Ann. of Math. (2), 156 (2002) 713-795. 
[W] B. White, Evolution of curves and surfaces by mean curvature, Proceedings of the ICM 

(2002). 

[Y] S.D. Yang, A connected sum construction for complete minimal surfaces of finite total cur- 
vature, Comm. Anal. Geom. 9 (2001), no. 1, 115-167. 

[Yal] S.T. Yau, Nonlinear analysis in geometry, L'Eseignement Mathematiquc (2) 33 (1987) 109- 
158. 

[Ya2] S.T. Yau, Open problems in geometry, Proc. Sympos. Pure Math., 54, Part 1, American 

Mathematical Society, Providence, 1993. 
[Ya3] S.T. Yau, Harmonic functions on complete Riemannian manifolds, Comm. Pure Appl. 

Math. 28 (1975) 201-228. 

Courant Institute of Mathematical Sciences, 251 Mercer Street, New York, NY 
10012 

Department of Mathematics, Johns Hopkins University, 3400 N. Charles St., Balti- 
more, MD 21218 

E-mail address: colding@cims.nyu.edu and minicozz@math.jhu.edu 



